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SUMMARY
Drilling and completion in naturally fractured or weakly consolidated formations
could be challenging. While drilling through naturally fractured reservoirs, severe lost
circulation is a major contributor to the nonproductive time. It may also cause significant
issues in subsequent well completion and reservoir production. Quantitative prediction of
the drilling mud loss in a natural fracture is therefore critical for selecting prevention and
remedial strategies to control lost circulation. Meanwhile, better understanding of how
weakly consolidated formations respond to fluid injection is of fundamental importance to
many engineering applications such as hydraulic fracturing, water flooding and drill cuttings
reinjection. To be able to predict where the injected fluid goes and what kind of opening
geometry is created in the subsurface is essential to the design and optimization of these
engineering applications.
Theoretical models are formulated in this work to determine the drilling mud loss in
a natural fracture intersected by a wellbore. We first consider the transient response for
two particular cases when the natural fracture is either parallel or perpendicular to the
vertical wellbore axis. We adopt the constant height and the radial fracture geometry
models. Complex rheology of the drilling mud and natural fracture deformability are both
accounted for in these models. Next the ultimate drilling mud loss from an inclined wellbore
intersected by an arbitrarily oriented natural fracture is modeled. The drilling mud invasion
profile can be predicted based on the yield stress and the geometrical configurations of the
wellbore and the natural fracture. The solution, validated by published experimental data,
can also be used to estimate natural fracture permeability based on mud loss data in the
field. The theoretical models developed for predicting the mud loss can be applied directly
in the field practices not only for drilling, but also for grouting in jointed rock mass.
A numerical strategy based on Discrete Element Method (DEM) is proposed to model
the injection process of a high viscosity fluid into an unconsolidated or weakly consolidated
xix
formation. Novelty of this numerical study is in the modeling methodology for the fluid-
grain interface. Fluid front advances only when the gap between two neighboring particles
exceeds a threshold value, a criterion which could be considered as similar to taking into
account of the effect of surface tension. Constant rate of fluid injection is modeled and
parametric analysis is conducted on the critical opening size, the confining stress, the initial
borehole size, the injection flow rate, the friction angle and the stress anisotropy. Numerical
results on the borehole breakdown pressure are then compared with those from the bifurca-
tion analysis for the cohesionless case and elasto-plasticity solutions for the cohesive case.
Evidences from the displacement field of particles suggest a process zone exists near the
fracture tip. The DEM analysis of the injection process allows us to gain valuable insights
into the fluid-grain displacement process in nearly unconsolidated media and could serve as




1.1 Motivations and Research Objectives
Oil and gas reservoirs could be naturally fractured or weakly consolidated. Drilling and
completion of wells in both types of formations require knowledge of the near-wellbore
processes to address the challenges.
While drilling through naturally fractured reservoirs, severe lost circulation is a major
contributor to the nonproductive time. It may also cause significant issues in subsequent
well completion and reservoir production. Quantitative prediction of the drilling mud loss
in a natural fracture is therefore critical for selecting prevention and remedial strategies to
control lost circulation. Rheological measurement of a drilling mud is often limited to the
relatively low shear rate range. Shear thinning following a power law is usually assumed for
the entire shear rate range. Nevertheless, it is not uncommon that, due to the multiphase
nature, the steady-state drilling mud rheology is shear thinning in the low shear rate range,
but exhibits Newtonian or even shear thickening behaviors in the high shear rate range.
While extensive literature exists for theoretical mud loss models, effect of the high shear
rate rheology on drilling mud loss in a natural fracture has not been examined. Also,
limited studies were published for the case when an arbitrarily oriented natural fracture
intersects an inclined wellbore. Modeling an arbitrarily orientated fracture is a much more
complicated task than modeling a horizontal or vertical fracture, since the mud invasion
can no longer be simplified into one-dimensional mathematically.
Meanwhile, better understanding of how weakly consolidated formations respond to fluid
injection is of fundamental importance to many engineering applications such as hydraulic
fracturing, water flooding and drill cuttings reinjection. To be able to predict where the
injected fluid goes and what kind of opening geometry is created in the subsurface is essential
to the design and optimization of these engineering applications. While the mechanisms are
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relatively well understood in competent rocks, fundamental questions such as whether the
failure resulted from fluid pressurization would be in shear or in tensile, and if a fracture
develops, what is the criterion for fracture growth, remain poorly understood for nearly
unconsolidated formations. The highly nonlinear constitutive behaviors and the strong
hydro-mechanical coupling have rendered the problem a great challenge.
In this work, we intend to address the following questions.
1. How the mud loss behaviors are affected by the rheological parameters, in particular,
when both the yield stress and high shear rate rheology are taken into account?
2. How to determine the ultimate mud loss volume and the mud invasion profile?
3. How to numerically model the fluid injection process, in particular, a fluid of high
viscosity, being injected into nearly unconsolidated formation?
4. How to characterize the failure mechanism and predict the breakdown pressure?
1.2 Research Outlines and Thesis Structures
Both theoretical and numerical analyses are performed in this work. The theoretical analysis
focuses on invasion of drilling mud into a natural fracture. We first consider transient mud
loss behavior for two cases when the wellbore axis is nearly perpendicular or parallel to
the natural fracture, for which we adopted a radial geometry model and a constant height
model. We assume that the drilling mud is incompressible and can be described by a
piecewise rheological model, characterized by a yield stress and power laws for both the low
shear rate and the high shear rate rheology, respectively. The natural fracture could either
be closed or has a small opening initially. Fluid flow inside the fracture is coupled with
the mechanical deformation of the permeable reservoir. The mathematical formulation is
solved using an explicit moving mesh algorithm. Effects of the rheological parameters, the
overbalance pressure, the fracture initial width, and the leak off coefficient on the transient
mud loss behaviors are then analyzed. The ultimate invasion profile of the drilling mud
in an inclined natural fracture is analyzed by considering limit equilibrium, which is the
worst case scenario. The solution is validated by published experimental data and used to
estimate the fracture permeability based on mud loss data in the field.
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Numerical modeling is performed for the injection process in an unconsolidated or weakly
consolidated formation using the Discrete Element Method (DEM) code PFC2D®. Novelty
of this numerical study is in the modeling methodology for the fluid-grain interface. Fluid
front advances only when the gap between two neighboring particles exceeds a threshold
value, a criterion which could be considered as similar to taking into account of the effect
of surface tension. The numerical test is performed with assemblies under both isotropic
and anisotropic stress fields. Constant rate of injection is modeled and parametric analysis
on the critical opening size, the confining stress, the initial borehole size, the injection flow
rate, the friction angle and the stress anisotropy is performed. Numerical results on the
breakdown of the cavity are then compared with those from the bifurcation analysis for the
cohesionless case as well as elasto-plasticity solutions for the cohesive case.
The thesis is organized as follows.
Chapter 1 Introduction outlines the motivations and objectives of this study.
Chapter 2 Theoretical Analysis of Drilling Mud Invasion into a Natural Frac-
ture - a Radial Geometry Model analyzes effects of the rheological parameters and the
leakoff coefficient on the mud loss behaviors when the wellbore axis is nearly perpendicular
to the natural fracture. A radial fracture model is adopted for mud invasion from a vertical
wellbore into a horizontal fracture. The fluid behavior is described by a piecewise rheolog-
ical model, characterized by a yield stress and power laws for both the low shear rate and
the high shear rate rheology, respectively. The problem formulated is solved numerically
using an explicit moving mesh algorithm. Variation of the mud loss volume and mud loss
rate with time can both be predicted.
Chapter 3 Theoretical Analysis of Drilling Mud Invasion into a Natural Frac-
ture - a Constant Height Model analyzes effects of the rheological parameters and the
leakoff coefficient on the mud loss behaviors when the wellbore axis is parallel to the natural
fracture. The piecewise fluid rheology model is incorporated into a PKN fracture model.
Chapter 4 Limit Equilibrium Analysis of Drilling Mud Loss into an Inclined
Natural Fracture predicts the ultimate invasion profile of the drilling mud in an inclined
natural fracture based on a limit equilibrium solution. The solution is validated by published
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experimental data and can be used to estimate the fracture permeability based on mud loss
data in the field.
Chapter 5 DEM Modeling of Fluid Injection into a Nearly Unconsolidated
Medium Subjected to Isotropic Stress proposes a numerical strategy to model fluid
injection into an unconsolidated or weakly consolidated medium using the DEM code
PFC2D®. Growth mechanisms of the localized features resulted from fluid injection and
the associated failure mechanisms in the granular medium are examined. Parametric anal-
ysis on the effects of the critical opening size, the confining stress, the borehole size, the
injection flow rate and the friction angle on the failure mechanism is performed.
Chapter 6 Theoretical Analysis of the Breakdown Pressure compares the numer-
ical results on the breakdown of the cavity with those from the bifurcation analysis for the
cohesionless case as well as elasto-plasticity solutions.
Chapter 7 DEM Modeling of Fluid Injection into an Unconsolidated Medium
Subjected to Anisotropic Stress investigates numerically the fluid injection process into
the weak formation under anisotropic stress field. The effect of the stress anisotropy on the
growth of the localized features is analyzed.
Chapter 8 Conclusions and Future Work summarizes the main findings obtained
from this thesis and gives some suggestions for the future work.
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CHAPTER II
THEORETICAL ANALYSIS OF DRILLING MUD INVASION INTO A
NATURAL FRACTURE - A RADIAL GEOMETRY MODEL
2.1 Introduction
Naturally fractured reservoirs are prone to severe circulation loss. Circulation loss is a
common contributor to the nonproductive time in drilling, it may also cause significant
issues in subsequent well completion and reservoir production. Therefore, quantitative
prediction of the drilling mud loss is crucial for selecting prevention and remedial strategies
to control lost circulation. On the other hand, in practice, real-time monitoring of the
mud loss in overbalance drilling has often been employed as a diagnostic tool of formation
characterization for the in-situ fracture permeability [25, 27, 7].
To improve the interpretation of mud loss data, various theoretical models for mud
invasion in a single isolated fracture have been developed in the literature. Theoretical
treatments are generally limited to either radial or constant height fracture geometry mod-
els, where the problems can be mathematically simplied into one-dimensional. These models
all extend from the simplest cases of one-dimensional linear or radial steady-state flow of a
Newtonian fluid through a slot of constant width, where there is no leakoff from the fracture
to the rigid rock matrix and the overpressure, i.e., the pressure above the reservoir pressure
at the borehole, is constant. Basic elements in the theoretical models therefore include: the
fracture orientation and geometry, the fracture deformation law, mud rheology, the leakoff
behavior, whether the fracture walls are smooth or rough, whether the fracture length is
finite or infinite, and whether the flow along the fracture is transient or steady state. From
the point of view of mud loss control, we generally assume that the initial natural fracture
width is known and solve for the total mud loss volume as a function of time. However,
for the application of formation characterization, mud loss volume is known and we need
to solve for the fracture aperture, which determines the fracture permeability.
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Liétard et al. [65, 64] incorporated non-Newtonian Bingham rheology for radial steady-
state flow into a non-deformable fracture. Mud loss therefore stops when the driving force
resulted from the overbalance pressure cannot overcome the resistance from the yield stress
of the fluid. The ultimate mud invasion radius is expressed analytically as a function of the
fracture width, fluid yield stress and the overpressure based on limit equilibrium. The model
was improved by Huang et al. [44] by directly relating the mud loss volume to the fracture
width, which becomes more convenient to use in practice. It should be noted that in Liétard
et al. [65, 64] and Huang et al. [44], their predictions of the ultimate mud loss volume is in
fact incorrect because the expression for the local pressure drop in the limit of zero shear
rate is wrong. We will discuss about this issue in Chapter IV. Lavrov and Tronvoll [61]
included local linear elastic deformation for the fracture walls. The fluid is assumed to be
Newtonian, flowing in one-dimension inside a fracture of finite length. An explicit finite
difference scheme is employed to numerically solve the mud loss rate as a function of time.
The sudden pressure increase from the initial reservoir pressure to the borehole pressure
and the fracture inclination are both taken into account. Their work followed considered
power law rheology in [62] and exponential deformation law and bi-viscous fluid rheology
in [63]. Herschel–Bulkley rheology and local linear deformation for the fracture are taken
into account in Majidi et al. [71, 72, 69]. Sanfillippo et al. [90] accounted for the fracture
inclination by assuming that the mud invasion profile is elliptical and can be translated to
an equivalent circular profile. A diffusion equation for radial flow is then solved numerically
to determine the hydraulic aperture of the fracture.
Lost circulation in a natural fracture is driven by the pressure drop between the wellbore
and the reservoir. For a complex fluid with yield stress, when the pressure gradient falls
below a threshold, the mud invasion ceases and the fracture may be considered sealed. If
we assume the overpressure is constant during mud invasion, the pressure gradient near the
wellbore is the largest at the onset of the drilling mud invasion and decreases as the mud
flows further into the fracture. The high shear rate fluid rheology is expected to govern the
fluid flow behaviors at the early time. In other words, as far as fluid rheology is concerned,
the yield stress takes effect at late time, while the high shear rate rheology could play a
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critical role in controlling the rate of the mud loss at the early time.
Laboratory measurement of the high shear rate rheology (γ̇ > 1000 1/s) is rather difficult
to obtain due to issues such as wall slip and flow instability in the rheometers. Rheological
measurement of a drilling mud is often limited to the relatively low shear rate range. Shear
thinning following a power law is usually assumed for the entire shear rate range. Never-
theless, it is not uncommon that, due to the multiphase nature, the steady-state drilling
mud rheology is shear thinning in the low shear rate range, but exhibits Newtonian or even
shear thickening behaviors in the high shear rate range (see Fig. 1) [39, 86]. Effect of the
high shear rate rheology on drilling mud loss in a natural fracture has not been examined
previously in the literature. The most complex rheology in the aforementioned theoretical
models is the Herschel–Bulkley model,
τ = τ0 + kγ̇
n (1)
where τ and γ̇ are the shear stress and shear rate; τ0 is the yield stress; and n and k are
the power law index and the flow consistency index. The rheology is usually termed shear
thinning if n < 1 and shear thickening if n > 1.
The objective of Chapters II and III is therefore to investigate how the mud loss be-
haviors are affected by complex rheolgoy, in particular, when the high shear rate rheology
differs from the low shear rate rheology. We assume that the drilling mud rheology can be
described by a piecewise rheological model, characterized by a yield stress and power laws
for both the low shear rate and the high shear rate rheology, respectively. Two particular
cases, where the wellbore axis is either perpendidular or parallel to the natural fracture are
modeled. When the wellbore axis is perpendicular to the fracture plane, we assume that
mud flow is radial. When the wellbore axis is parallel to the fracture plane, the Perkins-
Kern-Nordgen (PKN) geometry model [84, 80], commonly used for hydraulic fracturing
modeling, is adopted in this work. Other elements in the general framework for hydraulic
fracturing modeling, e.g, Carter’s leakoff model, are also integrated in this study. The radial
flow model is presented in Chapter II and the constant height PKN model is presented in
Chapter III.
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Figure 1: Flow curves (shear stress vs. shear strain rate) of drilling muds; the dots in
flow curves I and II are re-plotted from the steady-state data from Ragouilliaux et al. [86]
(decreasing stress ramp) and Herzhaft et al. [39], respectively; the solid lines are fitting
curves.
2.2 Mathematical Formulation
Schematic of a fracture of radius rf intersected by a wellbore of radius rin is shown in
Fig. 2. A cylindrical coordinate system is adopted with the origin being located at the
wellbore axis. The problem so defined is axisymmetric. Compared with the mud invasion
radius, the fracture width is much smaller. Fluid flow inside the fracture can therefore
be treated as one-dimensional and lubrication theory applies. Field variables such as the
net overpressure, p, and the fracture width, w, therefore vary along the radial direction
only. The net pressure p is the overpressure above the initial reservoir pressure that drives
the drilling mud to flow inside the natural fracture. The fluid is assumed to be single-
phase and incompressible. The fluid flow equation can be obtained after combining the
rheological equation with the equation for balance of momentum (equilibrium equation)
and the geometrical equation. Other governing equations include the fracture deformation
law and local fluid mass conservation equation. We seek to determine the fracture width





Figure 2: A fracture of radius rf ; at a given position, the fracture width is denoted as w.
2.2.1 Rheological Model




n1 0 < |γ̇| ≤ γ̇c
K2γ̇
n2 |γ̇| > γ̇c
(2)
where K1 and K2 are the consistency parameters, and n1 and n2 are the power law indices.
Symbol γ̇c denotes a critical shear strain rate that characterizes the transition from the low
shear rheology to the high shear rheology. Given the yield stress τ0 and the critical shear









The rheological behavior is generally termed shear thinning if n < 1 (n = n1 or n2) and
shear thickening if n > 1. The model reduces to the Herschel–Bulkley model if γ̇c →∞.
The rheological parameters used to fit the flow curves in Fig. 1 are given in Table 1. At
the high shear rate, flow curve I suggests that the drilling mud behaves as a Newtonian fluid
(n2 = 1.0), while flow curve II indicates that there is strong shear thickening (n2 = 1.9).
Table 1: Rheological parameters of the drilling muds I and II.
n1 n2 τ0 (Pa) τc (Pa) γ̇c (1/s)
I 0.7 1 3 20 500
II 1.0 1.9 3 25 560
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Figure 3: Schematic of a fracture of width w = 2b showing profiles of shear stress, shear
strain rate and velocity (not to scale).
2.2.2 Fluid Flow Equation
With the assumption of one dimensional lubrication flow, the equation of balance of mo-







σxx = −p (5)
Here the sign convention of tension positive is adopted.
Consider locally the fracture aperture is w = 2b. Substituting Eq. (5) into Eq. (4) and
integrating Eq. (4) with respect to y yield the shear stress distribution over cross section,
τxy = τws, τw = p̄b (6)
where τw is the wall shear stress; s is the scaled coordinates, defined as s = y/b (−1 ≤ s ≤ 1)
in the fracture width direction; and p̄ = |dp/dx| is the magnitude of the pressure gradient
along the flow direction. It should be noted that shear stress τxy across the fracture aperture
is always continuous and linearly distributed, independent of the rheological properties of
the fluid. Existence of the yield stress means that the fluid flow occurs only if the shear
stress at the walls, τw, exceeds the yield stress τ0 (or p̄ > τ0/b). Under flow condition,
a plug flow zone moving at a constant speed is expected to appear around the centerline
(y = 0). Meanwhile, the piecewise rheological behavior expressed in Eq. 2 suggests that
only when the wall shear stress is above the critical shear stress (i.e., τw > τc or p̄ > τc/b),
the high shear rate rheology takes effect. Otherwise, the fluid flow behavior is governed by
the yield stress and the low shear rate rheology only.
Three types of distinct flow regions are expected to appear across the width direction.
Denote s1 and s2 as the scaled positions for the interfaces that separate the plug flow
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zone, the low shear rate governed zone and the high shear rate governed zone. The scaled
positions, s1 and s2, can be determined from,
s1 = τ0/p̄b, s2 = τc/p̄b (7)
The plug flow zone is within |s| ≤ s1; the low shear rate governed zones are within s1 <
|s| ≤ s2; and the high shear rate governed zones are within s2 < |s| ≤ 1. If the local pressure
gradient is in the range of 2τ0/b < p̄ < 2τc/b (i.e., when s1 < 1 and s2 > 1), only the plug
flow zone and the low shear rate governed zones exist across the width direction.






After combining the rheological equation, the balance of momentum and the geometrical
equations with the no-slip condition at the walls (i.e., Vx = 0 at s = ±1), the flow velocity











s1 < |s| ≤ 1
M1 (1− s1)
1+ 1
n1 0 < |s| ≤ s1
(9)
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For the case when p̄ ≤ τ0/b, the fluid does not move.
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Figure 4: Variations of velocity profiles with respect to applied pressure gradients p̄ =
40, 60, 80 and 100 kPa/m; interfaces between the plug flow zone, the low shear rate
governed zone and the high shear rate governed zone are marked by solid grey lines; local
fracture aperture is 2b = 0.5 mm.
Fig. 4 shows the variation of the velocity profiles with respect to the applied pressure
gradient p̄ = 40, 60, 80 and 100 kPa/m for the rheological parameters from fitting I in
Table 1. As can be seen from Fig. 4, widths of both the plug flow zone and the low shear
rate governed zone reduce as the pressure gradient p̄ increases.
The local flow rate Qsx at a given pressure gradient p̄ can be obtained by integrating the
velocity across the fracture width,
Qsx =

0 0 ≤ p̄ ≤ τ0/b,
Q
s(I)
x (p̄, b) τ0/b < p̄ ≤ τc/b,
Q
s(II)






















































The pressure gradient and the local flow rate relationships for the rheological parameters


















Figure 5: Variations of the pressure gradient with respect to the local flow rate; local
fracture aperture is 2b = 0.5 mm.
the yield stress is overcome by the pressure gradient along the flow direction.
The radial flow rate qr (notation used to differentiate from the constant flow case) can
be obtained by rewriting Eq. (12) using the fracture width w and the pressure gradient p̄,
qr =







































































The elastic response of the rock is assumed to be local, namely, deformation of the natural
fracture at a given position depends on the local net pressure only, but not on the pressure
everywhere else inside the fracture, i.e.,





Eq. (15) implies that the fracture width w is related to the initial fracture width w0,
the net pressure p and the normal fracture stiffness Kn. The initial fracture width w0
corresponds to the fracture aperture at zero net pressure. The local elasticity assumption
relieves us of solving the integral form pressure-width relation required in other hydraulic
fracture geometry models such as the Khristianovic-Geertsma-de Klerk (KGD) geometry
model [57][32] and the penny-shaped fracture models [1]. Such an assumption is reasonable
when the overbalance pressure is relatively small [61].
2.2.4 Local Fluid Mass Conservation








+ u = 0 (16)
where qr is the radial flow rate; t is the elapsed time from the onset of drilling mud invasion;
and u is the fluid leakoff velocity accounting for both sides of the fracture faces. For a
relatively low permeability formation, the fluid leakoff velocity may be approximated by





where constant CL is the leak off coefficient and ta (r) is the arrival time of the mud invasion
front at radius r.
2.2.5 Boundary and Initial Conditions
To complete the formulation, boundary conditions both at the wellbore and at the mud
invasion front need to be supplied. We may assume that the wellbore overpressure Pin is
constant. Both the initial reservoir pore pressure and the reservoir stress are constant as
well, which serve only as references.
p = Pin at r = rin p = 0 at r = rf




The system of governing equations, Eqs. (15)-(18), is first transformed by introducing a
moving coordinate system θ = (r − rin) / (rf − rin), θ ∈ [0, 1]. The forgoing system of
five equations contains five unknowns: p (θ, t), qr (θ, t), w (θ, t), rf (t) and u (θ, t), which
defines a complete system of solution. Such a system of equations can be solved by using
an explicit finite-difference scheme proposed by Detournay et al. [22]. The line 0 ≤ θ ≤ 1
is discretized into N nodes to calculate p (θ, t), w (θ, t), and u (θ, t) with the first and last
nodes corresponding to the fracture inlet and the tip. Flow rate qr (θ, t) is evaluated at a
system of (N − 1) mid-nodes.
To choose the critical time step, the linearized form of the flow equation, Eq. (14), is















where ˙( ) = d ( ) /dt is the material time derivative and cw and cs are functions of the
material parameters, the fracture width w and the pressure gradient ∂p/∂θ. For brevity,
expressions for cw and cs are omitted here. At a given time step, say, t = tk+1, the critical
time step to ensure numerical stability is chosen based on the criterion for numerical stability









; i = 1, · · · , N − 1 (20)
Here the nodal number is denoted by the subscript i and the time step is denoted by








Since the numerical scheme is explicit, an initial guess is required to start the calculation.
At early time, the process is expected to be governed by the high shear rate rheology. Power
law parameters from the high shear rate rheology are therefore used as the input parameters
for the initial guess solution. For the radial flow with a power law fluid, the flow rate is






















t0 = 0.1 s
t0 = 0.2 s
t0 = 0.3 s
Figure 6: Effect of the initial guess for the radial fracture model - evolution of the mud
invasion radius at small time with case I, Pin = 10 MPa with impermeable fracture walls.
Neglecting the leak off term and the rate of deformation of the fracture walls in Eq. 19
for early time and utilizing the boundary conditions at the wellbore, we can construct an
initial guess for the fracture width, w0 (r),















where t0 is an arbitrarily small starting time. Effect of the initial guess on the mud invasion
is shown in Fig. 6. Given the initial guesses obtained at t0 = 0.1, 0.2 and 0.3 s for the
rheological parameters from fitting I and with Pin = 10 MPa and CL = 6.3× 10−3 m/s1/2,
the differences resulted from the initial guess becomes largely negligible as t > 2 s. Fig. 6
suggest that the numerical scheme is not sensitive to the initial guesses given at different
starting times.
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Table 2: Fitting parameters for the rheology of drilling muds I and II.
n1 n2 τ0 (Pa) τc (Pa) γ̇c (1/s)
I 0.7 1 3 20 500
I(b) 0.7 1 15 20 500
I(c) 0.7 1 15 50 500
II 1 1.9 3 25 560
II(b) 1 1.3 3 25 560
II(c) 1 1 3 25 560
II(d) 1 0.7 3 25 560
Table 3: Input parameters for the simulation cases.
Rock
Fracture stiffness, Kn 50 GPa/m
Leak off coefficient, CL 0, 5× 10−3, 5Ö10−5 5Ö10−8 m/s1/2
Initial width, w0 0.1, 0.2 mm
Wellbore
Overbalance pressure at inlet, Pin 1, 5, 10, 20, 50 MPa
Wellbore radius, rin 0.1 m
2.4 Numerical Results
Effects of rheological parameters on the drilling mud loss behaviors are investigated using
the set of input parameters as listed in Table 2. Effects of the high shear rate rheology
are examined by varying the power law index n2. Other input parameters for the rock
properties and the wellbore conditions are given in Table 3. These parameters are reasonable
approximations of the realistic field conditions.
2.4.1 Evolution of the Fracture Width
Evolution of the fracture profile with respect to time for the radial fracture model can be
seen in Fig. 7 with the rheological parameters from case I, w0 = 0 mm, Pin = 1 MPa and
CL = 5×10−5 m/s1/2. With the net pressure prescribed at fracture inlet, the fracture width
at the inlet remains constant as the fracture propagates. Meanwhile, at a given location,
the gradient of the fracture width, and thus the pressure gradient, decreases with time.
2.4.2 Effect of the Initial Width
In this model, the initial width of the natural fracture can be taken into account through
Eq. 15. Fig. 8 shows the profiles of fracture width at t = 10 hours. The fracture width at
the inlet is related solely to intial opening, the overbalance pressure at inlet and the fracture
17
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t = 1 hour
t = 20 hours
t = 40 hours
t = 60 hours
t = 80 hours
Figure 7: Evolution of fracture width with time for case I, w0 = 0 mm, Pin = 10 MPa and
CL = 5× 10−5 m/s1/2.
compliance. Given the same time, wider natural fractures yield longer invasion length. For
that reason, mud invasion is more severe in formations with initially open natural fractures.
2.4.3 Effect of the Overbalance Pressure
Variations of the fracture length or the mud invasion radius with time for overpressure
Pin = 1, 5, 10, 20, and 50 MPa, CL = 0 m/s
1/2 and rheological parameters in cases I are
compared in Fig. 9. The wellbore overbalance pressure plays a critical role in determining
the mud invasion radius. For a smaller overbalance pressure, the mud invasion radius reaches
a plateau earlier, which means the natural fracture is sealed faster.
2.4.4 Effects of the Yield Stress and the Critical Stress
Fig. 10 shows the variations of the mud invasion radius with time for overpressure Pin = 1
and 10 MPa, CL = 0 m/s
1/2, w0 = 0 mm and rheological parameters in cases, I, I(b) and
I(c). For the same overbalance pressure, the discrepancy in the invasion radius between
cases I and I(b) can be attributed to the yield stress. A larger yield stress can stop the
mud invasion faster. It should be noted that the yield stress has barely any influence on
the mud invasion radius before t ∼ 104 s (∼3 hours) for Pin = 10 MPa and t ∼ 102 s (∼2
min) for Pin = 1 MPa. Comparing cases I(b) and I(c), the critical stress is increased from
18
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w0 = 0.1 mm
w0 = 0.2 mm
Figure 8: Effect of initial width for case I, Pin = 10 MPa and CL = 5× 10−5 m/s1/2.
t (s)











Pin = 50 MPa
Pin = 20 MPa
Pin = 10 MPa
Pin = 5 MPa
Pin = 1 MPa
Figure 9: Mud invasion radius as a function of time with different overbalance pressures
for case I, impermeable fracture walls.
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Pin = 10 MPa
Pin = 1 MPa
I τ0 = 3 Pa τc = 20 Pa
I(b) τ0 = 15 Pa τc = 20 Pa
I(c) τ0 = 15 Pa τc = 50 Pa
Figure 10: Mud invasion radius as a function of time with different overbalance pressure
for case I, I(b), and I(c), Pin = 1, 10 MPa, impermeable fracture walls.
τc = 20 Pa to 50 Pa and the invasion slows down at early time. But the differences in the
invasion radius disappear at t ∼ 106 s (∼11.6 days) for Pin = 10 MPa and t ∼ 105 s (∼1
day) for Pin = 1 MPa. Here a higher critical stress τc translates to larger consistency indices
K1 and K2. The apparent viscosity, η
′ = τ/γ̇, indeed has increased in all shear rate ranges.
Therefore, it is not surprising that the mud invasion front is smaller when the critical shear
stress τc is higher.
2.4.5 Effect of the Power Law Index for Shear Thickening
A series of simulations are conducted by varying the power index for the high shear rate
behavior, n2 = 1.9, 1.3, 1, and 0.7, to investigate their influence on the invasion radius.
Since fluid rheology in cases II and II(b-d) is only different in the power law index n2, the
discrepancy in the mud invasion radius at early time in Fig. 11 can be solely attributed
to the effect of the power index n2. The high shear rate power index does not affect the
ultimate invasion radius, but it significantly affects the mud loss behavior at early time.
Fig. 11 shows the influence of the high shear rate rheology lasts for t ∼ 105 s (∼ 1 day), if
the overpressure Pin = 10 MPa and the fracture walls are impermeable. Therefore, in the
practice, the high shear rate rheology is a critical aspect for drilling mud engineering.
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II n2 = 1.9
II(b) n2 = 1.3
II(c) n2 = 1
II(d) n2 = 0.7
Figure 11: Mud invasion radius as a function of time for cases II, II(b-d), Pin = 10 MPa,
impermeable fracture walls.
2.4.6 Effect of the Leak off Coefficient
A series of simulations are conducted by varying the leak off coefficient, CL = 0, 5Ö10−3,
5Ö10−5, 5Ö10−8 m/s1/2, to investigate their influence on the invasion radius.
Mud loss is either through leakoff from the fracture faces or inside the fracture. It should
be noted that the leakoff coefficient has no effect on the ultimate invasion length, which is
governed by the yield stress only. The leakoff coefficient, however, determines how fast the
ultimate invasion radius is reached. As shown in Fig. 12, a small leakoff coefficient actually
results in earlier termination of mud invasion.
2.5 Conclusions
In this work, a theoretical model is proposed to study drilling mud loss in a single natu-
ral fracture. The formulation is based on a radial fracture geometry model, assuming the
fracture plane is perpendicular to the wellbore axis. A piecewise rheological model incor-
porating a yield stress and power laws for both the low shear rate and high shear rate is
employed. The fracture could be closed or has an initial opening. The problem formulated
is solved numerically using an explicit moving mesh algorithm. Effects of the overpressure,
the initial fracture aperture, fluid rheology, in particular, the high shear rate rheology, and
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CL = 0 m/s
1/2
CL = 5× 10
−8 m/s1/2
CL = 5× 10
−5 m/s1/2
CL = 5× 10
−3 m/s1/2
Figure 12: Mud invasion radius as a function of time with different leakoff coefficients for
case I, Pin = 10 MPa.
the leakoff coefficient on the drilling mud loss behaviors are investigated.
The numerical analysis suggests that the high shear rheology is critical to control lost
circulation since it takes effect at early time. The overbalance pressure and the yield stress
of the fluid determines the ultimate invasion radius of the drilling mud at late time. The
leakoff coefficient has no effects on the ultimate invasion radius, but it determines how fast
the final invasion radius is approached. Numerical scheme outlined in this work provides a
robust tool that allows not only systematic investigation of the effects of the formation and
the fluid characteristics on the drilling mud loss, but also assessment for the improvement
in the fluid design to control lost circulation.
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CHAPTER III
THEORETICAL ANALYSIS OF DRILLING MUD INVASION INTO A
NATURAL FRACTURE - A CONSTANT HEIGHT MODEL
3.1 Introduction
A theoretical model is formulated in this work to determine the drilling mud loss in a
natural fracture intersected by a wellbore. We assume that the natural fracture is nearly
parallel to the wellbore axis. The zone intersected by the wellbore is of constant height. The
formulation is based on a PKN fracture geometry model [84, 80]. The drilling mud is treated
as an incompressible and single-phase fluid. A piecewise rheological model incorporating a
yield stress and power laws for both the low shear rate and high shear rate is employed. The
reservoir formation is assumed to be permeable with the leakoff behavior following Carter’s
model [13]. Fluid flow along the fracture is assumed to be one-dimensional lubrication
flow. Deformation of the fracture is governed by local elasticity. The borehole pressure
and the pore pressure in the reservoir over the duration of the mud loss are assumed to be
constant. The natural fracture could be initially closed or has a small opening. The problem
defined above is solved numerically using an explicit moving mesh algorithm. Effects of the
parameters such as the overbalance pressure, the yield stress and those for the high shear
rate rheology on the drilling mud loss are evaluated.
Schematic of a PKN geometry model of length L and height H is shown in Fig. 13.
Fluid flows along the x−direction only. The fracture is assumed to be fully bounded by the
top and bottom layers and the cross section has a constant height and an elliptical shape.
23
Figure 13: A PKN fracture of length L and height H; at a given cross section, the fracture
width at the mid-height is denoted as w.
3.2 Mathematical Formulation
Fluid flow inside the fracture of a constant height is assumed to be one-dimensional, and
lubrication theory can be applied. Therefore, field variables such as the net pressure p
and the fracture width w therefore vary along the direction of propagation only. The net
pressure p is the overpressure above the minimum in-situ stress that drives the drilling mud
to flow inside the natural fracture. Poroelastic effect is considered to be negligible in this
work. We aim to determine the fracture width w (x, t) as a function of the position x and
time t. The rheological model used in the PKN model is the same piecewise function as
that proposed in Chapter II.
3.2.1 Balance of Fluid Momentum
The formulation of balance of fluid momentum starts with the Poiseuille slot flow solution
for the piecewise fluid rheology, which has been given in Chapter II. Total flow rate Qsx is
related to pressure gradient p̄ and half width of the slot b,
Qsx =

0 0 ≤ p̄ ≤ τ0/b,
Q
s(I)
x (p̄, b) τ0/b < p̄ ≤ τc/b,
Q
s(II)























































where n1 and n2 are the power law indices, γ̇c is the critical shear strain rate, s1 and s2 are
scaled positions, s1 = τ0/p̄b, s2 = τc/p̄b.
Next, we need to integrate the flow rate of the slot flow over the height of the frac-
ture. However, the expression of Q
s(I)
x in Eq. 25 is too complicated to obtain an analytic
solution for the PKN model. We simplify the expression of Q
s(I)
x in Eq. (25) by replacing
















The error in the flow rate is evaluated by ε, which is defined as the ratio between the error










x |p̄b=τc . This ratio is plotted as
a function of pressure gradient and power index in Fig. 14. The error is relatively small,
|ε| < 10%, for the chosen values of n1, therefore the approximated expression can be used
to solve for the PKN model.
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Figure 14: Error distribution for various n1.
In the PKN fracture model, the cross-section can be divided into four types of zones
according to the velocity profile of the fluid flow. The existence of the yield stress is
manifested through the stagnation zones near the two ends of the fracture cross section, as
shown in the gray areas in Fig. 15. The scaled height H1 of the shear thickening zone and























Figure 15: A PKN model cross section for the piecewise fluid.
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At a given height position, the local flow rate Qx can be obtained based on the approx-







































































where wy is the fracture width at a given height y, wy = w
√
1− (2y/H)2
The balance of momentum equation relating the total flow rate or the mud loss rate per
unit height, qx, to the local pressure gradient, p̄, can be obtained by integrating Eq. (28)









































































































































































































































where 2F1[ ] denotes the hypergeometric function.
If τ0 ≤ τw < τc, the shear thickening zone is not existent in the cross section , and
therefore H1 → 0.
3.2.2 Fracture Deformation
We assume that opening of the natural fracture, w, can be related to the initial fracture
width w0, the local overpressure, p, and a fracture stiffness, Kn, i.e.,




Local elasticity as assumed in Eq. 32 is reasonable when the fracture length is much
larger than the height [33].
3.2.3 Local Fluid Mass Conservation






+ u = 0 (33)
in which qx is the flow rate per unit height of a cross section, t is the elapsed time from
the onset of drilling mud invasion, and u is the fluid leakoff velocity accounting for both
sides of the fracture faces. For a relatively low permeability formation, fluid leakoff may be
assumed to be one-dimensional obeying Carter’s leakoff model [13]. The leakoff velocity u






where the constant CL is the leakoff coefficient, ta (x) is the arrival time of the mud invasion
front at location x.
3.2.4 Boundary Conditions
To complete the formulation, boundary conditions both at the inlet and at the invasion
front need to be supplied. We may assume that the wellbore overpressure Pin is constant,
p = Pin at x = 0 p = 0 at x = L
w = w0 at x = L
(35)
3.3 Numerical Implementation
An explicit finite difference scheme modified from [22] is employed in this work. The nu-




θ ∈ [0, 1] (36)
The fracture is discretizing into N nodes along the length. In the time-marching al-
gorithm, after all the nodal quantities in the previous time step are determined, a critical
time step is first chosen. The fracture width w, the net fluid pressure p inside the fracture,
the flow rate qx, the leakoff velocity u, and the mud invasion length L, are then computed
sequentially.
The equation for determining the fracture aperture is obtained from the system of















where ˙( ) = d ( ) /dt is the material time derivative and cw and cs are functions of the
material parameters, the fracture width w and the pressure gradient ∂p/∂θ. For brevity,
expressions for cw and cs are omitted here. At a given time step, say, t = t
k+1, the critical
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time step is chosen based on the criterion for numerical stability for a “diffusion-type” of









; i = 1, · · · , N − 1 (38)
Here the nodal number is denoted by the subscript i and the time step is denoted by








Since the numerical scheme is explicit, an initial guess is required to start the calculation.
The analytical solution for the PKN model in an impermeable formation with a power law
fluid [79] is used as the initial guess for the fracture length, width and the flow rate at an
arbitrarily small starting time. Effect of the initial guess on the mud invasion is shown in
Fig. 16. Given the initial guesses obtained at t0 = 0.1, 0.2 and 0.3 s for the rheological
parameters from fitting I and with Pin = 10 MPa and CL = 6.3×10−3 m/s1/2, the differences
resulted from the initial guess could be neglected as t > 3 s. Fig. 16 suggests that with the
proper choice of the critical time step, the numerical scheme is robust and the solutions are
not sensitive to the initial guesses.
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t0 = 0.1 s
t0 = 0.2 s
t0 = 0.3 s
Figure 16: Effect of the initial guess for the PKN fracture model - evolution of the mud
invasion length at small time for fitting I, Pin = 10 MPa with impermeable fracture walls.
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3.4 Numerical Results
Effects of rheological parameters on the drilling mud loss behaviors are investigated using
the set of input parameters as listed in Table 4. Effects of the high shear rate rheology
are examined by varying the power law index n2. Other input parameters for the rock
properties and the wellbore conditions are given in Table 5. These parameters are similar
to those for the radial model.
Table 4: Fitting parameters for the rheology of drilling muds I and II.
n1 n2 τ0 (Pa) τc (Pa) γ̇c (1/s)
I 0.7 1 3 20 500
I(b) 0.7 1 15 20 500
I(c) 0.7 1 15 50 500
II 1 1.9 3 25 560
II(b) 1 1.3 3 25 560
II(c) 1 1 3 25 560
II(d) 1 0.7 3 25 560
Table 5: Input parameters for the simulation cases.
Rock
Fracture stiffness, Kn 50 GPa/m
leakoff coefficient, CL 0, 5× 10−3, 5Ö10−5 5Ö10−8 m/s1/2
Bounding layer height, H 10 m
Initial width, w0 0.1, 0.2 mm
Wellbore Overbalance pressure at inlet, Pin 1, 5, 10, 20, 50 MPa
3.4.1 Evolution of the Fracture Width
Fig. 17 shows evolution of the fracture profile with respect to time for the PKN fracture
model with the rheological parameters from case I, Pin = 1 MPa and CL = 5×10−5 m/s1/2.
The net pressure is constant at fracture inlet, therefore the fracture width at the inlet re-
mains constant as the mud front advances. At a given location, the fracture width increases
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t = 1 hour
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t = 80 hours
Figure 17: Evolution of fracture width with time for case I, Pin = 10 MPa and CL =
5× 10−5 m/s1/2.
with time, while the gradient of the fracture width, and thus the pressure gradient, decreases
with time.
3.4.2 Effect of the Initial Width
Fig. 18 further illustrates the profiles of the fracture width by taking into account of an
initial width. The fracture widths are plotted against the invasion length at t = 10 hours
for three case with Pin = 10 MPa, CL = 5× 10−5 m/s1/2 and various initial widths. At the
fracture inlet, the amount of elastic deformation due to fracture compliance is the same in
all three cases, but the fractures with an initial width yield wider widths. The result agrees
with that in the radial fracture: wider natural fractures lead to longer invasion length given
the same amount of time.
3.4.3 Effect of the Overbalance Pressure
Variations of the mud invasion length with time for overpressure Pin = 1, 5, 10, 20, and 50 MPa
and rheological parameters in case I are plotted in Fig. 19. Wellbore overbalance pressure
is crucial in determining the mud invasion length. The invasion reaches a plateau even-
tually, indicating that the mud front is no longer propagating. The case with a smaller
overbalance pressure not only yields a shorter ultimate invasion length but also reaches the
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w0 = 0.1 mm
w0 = 0.2 mm
Figure 18: Effect of initial width for case I, Pin = 10 MPa and CL = 5× 10−5 m/s1/2.
plateau earlier, which means the natural fracture is sealed faster.
3.4.4 Effect of the Yield Stress and the Critical Stress
A series of simulations are conducted by varying the yield stress, the critical stress and the
inlet overpressure to investigate their influences on the mud invasion length. Fig. 20 shows
the variations of the mud invasion length with time for overpressure Pin = 1 and 10 MPa
and rheological parameters in cases, I, I(b) and I(c). Comparing case I(b) and I(c), the
critical stress is increased from τc = 20 Pa to 50 Pa and the invasion slows down at early
time. However, the differences in the invasion length disappear at t ∼ 105 s (∼1 day) for
Pin = 10 MPa and t ∼ 104 s (∼2.8 hours) for Pin = 1 MPa. For the same overbalance
pressure, the solution of fluid I(b) coincides with that of fluid I at early time, but gradually
deviates from the case I solution at late time. This means that fluid flow is governed by
the high shear rate rheology at early time, but by the low shear rate rheology, namely, the
yield stress, at late time. The yield stress starts to take effects on the mud invasion length
at t ∼ 103 s (∼17 min) for Pin = 10 MPa and t ∼ 102 s (∼2 minutes) for Pin = 1 MPa,
which are considerably earlier than those in the radial fracture model.
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Pin = 50 MPa
Pin = 20 MPa
Pin = 10 MPa
Pin = 5 MPa
Pin = 1 MPa
Figure 19: Mud invasion length as a function of time with different overbalance pressure
for case I, impermeable fracture walls.
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Pin = 10 MPa
Pin = 1 MPa
I τ0 = 3 Pa τc = 20 Pa
I(b) τ0 = 15 Pa τc = 20 Pa
I(c) τ0 = 15 Pa τc = 50 Pa
Figure 20: Mud invasion length as a function of time with different overbalance pressure
for case I, I(b), and I(c), Pin = 1, 10 MPa, impermeable fracture walls.
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Figure 21: Evolution of height of shear thickening zone with time for case I, Pin = 10 MPa
and CL = 0 m/s
1/2.
3.4.5 Evolution of the Shear Thickening Zone
The position of the shear thickening zone, referred to as H1 in Fig. 15, is plotted at different
times in Fig. 21. The rectangle represents the shape of the fracture observing from the
side. The shading area represents the position of shear thickening zone. It can be noted
that the size of shear thickening zone is decreasing, and the shear thickening zone gradually
disappears from the inlet to the mud front, which indicates that the drilling mud is subjected
to large shear at early time and small shear at later time.
3.4.6 Evolution of the Stagnation Zone
Fig. 22 shows the zone of the moving fluid, which is characterized by height H2. The
shading area represents the stagnation zone, where the fluid is not moving. The eventual
stop of mud invasion is due to the mud rheology: the stagnation zone forming in the fluid
gradually occupies the entire cross section of the fracture when the pressure gradient drops
below a certain threshold. Eventually, the mud invasion stops at a certain distance away
from the borehole. It can be seen that the growth of stagnation zone is much slower than
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Figure 22: Evolution of height of moving fluid zone with time for case I, Pin = 10 MPa and
CL = 0 m/s
1/2.
that of the shear thickening zone in Fig. 21, since the stagnation is associated with the
yield stress and the late time behavior.
3.4.7 Effect of the Power Index for the Shear Thickening Behavior
A series of simulations are conducted by varying the power index for the high shear rate
behavior, n2 = 1.9, 1.3, 1, and 0.7, to further illustrate the effect of the high shear rate
rheology upon mud loss. It can be seen in Fig. 23 that a greater shear thickening power index
slows down the mud loss at early time, but it does not affect the ultimate invasion length.
Fig. 23 shows the influence of the shear thickening behavior disappears after t ∼ 104 s
(∼2.8 hours), if the overpressure Pin = 10 MPa and the fracture walls are impermeable.
3.4.8 Effect of the Leakoff Coefficient
A series of simulations are conducted by varying the leakoff coefficient, 0, 5Ö10−3, 5Ö10−5,
5Ö10−8 m/s1/2, to investigate their influence on the invasion length. It can be noted that
the leakoff coefficient has no effects on the ultimate invasion length, but it determines
when the the ultimate invasion length is reached. For small leakoff coefficient, more fluid
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II n2 = 1.9
II(b) n2 = 1.3
II(c) n2 = 1
II(d) n2 = 0.7
Figure 23: Mud invasion length as a function of time with different overbalance pressure
for case II, II(b), II(c) and II(d), impermeable fracture walls.
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−3 m/s1/2
Figure 24: Mud invasion length as a function of time with different leakoff coefficients for
case I, Pin = 10 MPa
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is contained inside the fracture. Not surprisingly, as shown in both the radial model and
the PKN model, a terminal mud invasion length is reached earlier with a smaller leakoff
coefficient.
3.5 Conclusions
A drilling mud loss model based on the PKN fracture geometry model is formulated in
this work to predict the transient mud loss behaviors in a natural fracture intersected by
a wellbore. Qualitatively, effects of the formation characteristics, the overpressure and the
fluid rheology on the mud loss behaviors are the same as those with a radial flow model.
The numerical results support the arguments that the high shear rate rheology is the most
critical aspect in controlling the mud loss at early time, while mud loss ultimately terminates
if the local pressure gradient falls below the yield stress of the fluid.
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CHAPTER IV
LIMIT EQUILIBRIUM ANALYSIS OF DRILLING MUD LOSS INTO
AN INCLINED NATURAL FRACTURE
4.1 Introduction
Radial flow of a yield stress fluid between two parallel plates of a constant width has been
extensively studied [65, 64, 44, 71, 72, 69, 100]. Extension of these models include linear
[61, 62] and exponential [63] deformation laws of the fracture, roughness of the fracture
wall [110, 81] and shut-in phase [63]. The main objective of these models is to predict the
amount of circulation loss with various formation and fluid properties as well as operation
conditions.
Limited studies were published for a natural fracture that intersects the borehole at an
inclined angle, since modeling an arbitrarily orientated fracture can no longer be reduced
to a mathematically one-dimensional problem due to the non-axisymmetric nature. Lavrov
and Tronvoll [61] treated one-dimension linear flow along a fracture of finite length. The
fracture could have a dip angle along the length direction. Sanfillippo et al. [90] assumed
that the mud invasion profile for an inclined fracture is elliptical and can be translated into
an equivalent radius in the diffusivity equation. Lavrov [60] conducted a numerical study
of fluid flow from an arbitrarily-oriented compressible fracture into a sink. The dimensions
of the rectangular fracture is assumed a prior.
In this work, we attempt to give an analytical solution for the ultimate invasion profile
and consequently the mud loss volume in an inclined fracture without any prior geometrical
assumptions. Even though the ultimate invasion profile may not be achieved during the
life span of the drilling operation, it serves as a benchmark for the worst case scenario.
The analysis is conducted based on limit equilibrium. The theoretical solutions for an
arbitrarily oriented fracture and an incline wellbore are derived by considering: 1) the case
of a circular wellbore trace when the wellbore and the fracture are perpendicular, i.e., when
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the wellbore axis is perpendicular to both the dip and strike directions of the fracture; 2)
the case of a colinear elliptical wellbore trace when the wellbore axis is only perpendicular
to the strike direction of the fracture; and 3) the case of a rotated elliptical wellbore trace
when the wellbore axis is no longer perpendicular to either the strike or the dip direction of
the fracture. Parametric study is then carried out to show the effects of factors such as the
yield stress and the fracture and wellbore orientations. The results are also compared with
the numerical model for radial flow from Chapter II and with experimental data published
in the literature. The solution is also used to approximate the fracture permeability from
the mud loss data in the field. We also revisit the limit solution for radial flow of a yield
stress fluid (Bingham or Herschel-Bulkley) within a horizontal fracture. It appears that the
solution in the literature has an error in taking the limit at zero shear rate.
4.2 Model Description
The idealized problem of mud invasion into an arbitrarily oriented natural fracture with a
hydraulic aperture w, intersected by an inclined wellbore of radius rw, is shown in Figs.
25 and 26. Note that in Fig. 25 only the mid-plane of the fracture is shown for the
sake of simplicity. A global Cartesian coordinate system x1x2x3 is adopted to describe the
geometrical configurations of the fracture and the wellbore, where origin O is located at
the point of intersection between the wellbore axis and the fracture mid-plane. We choose
x3−axis to point upwards, opposite of the direction of gravity. x1−and x2−axes follow the
right-hand-rule with x1−axis pointing eastwards and x2−axis northwards. Direction of the
wellbore axis and the outward normal of the fracture mid-plane can be uniquely described
by two unit vectors, m and n. Denote the angles between x3−axis and vectors n and m to
be α and β, respectively (see Fig. 25). Angle α (0 ≤ α ≤ 90◦) is therefore the dip angle of
the fracture plane, while angle β (0 ≤ β ≤ 90◦) is the wellbore inclination angle.
A supplementary Cartesian coordinate system xyz is constructed also from origin O
following the right-hand rule, with x−axis being on the fracture mid-plane and in the
direction of the steepest descent, i.e., the direction of gravitational force component on
the fracture plane (see Fig. 25), and z−axis in the direction of vector n. Excluding the
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cases when the natural fracture is either perpendicular to (|n ·m = 1|) or coplanar with
(n ·m = 0) the wellbore axis, the intersection between the wellbore and the fracture mid-
plane is an ellipse. Denote the angle between x−axis and the major axis of the ellipse to be
γ. Note that the case when the fracture is perpendicular to the wellbore axis (|n ·m| = 1)
can be treated as one of the special cases where γ = 0◦, since the trace of the intersection
is now a circle.
The drilling mud is assumed to be an incompressible single phase fluid with a yield
stress and fluid flow occurs parallel to the fracture plane. In other words, the flow velocity
in z−direction is assumed to be negligible. The invading mud and the preexisting fluid
inside the fracture, if any, are immiscible, and the interface between the two fluids remain
stable.








Figure 26: Schematic of mud invasion from an inclined wellbore into an arbitrarily oriented
natural fracture.
4.3 Case I - Circular Wellbore Trace
4.3.1 Mathematical Formulation
We start with the simplest case when the fracture is perpendicular to the wellbore axis
(|n ·m| = 1), which leaves a circular wellbore trace on the fracture plane. When mud
invasion ceases, impressibility of the fluid means that the entire fluid domain stops moving
simultaneously and reaches static equilibrium. The stress components at any point inside



























+ fz = 0 (41)
where fx and fz are the components of the body force per unit mass,
fx = ρg sinα fz = ρg cosα (42)
where ρ is the mud density and g is the gravitational acceleration. We may assume that
the equilibrium condition in z−direction, Eq. (41), is automatically satisfied, since we
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approximate the mud flow to occur parallel to the xy−plane only. When the flow stops,








σx = σy = −p (44)
where p is the net mud pressure, i.e., the overpressure above the initial fluid pressure inside













If the zone of interest is sufficiently deep and the hydraulic aperture w of the fracture is
relatively small, we may assume that the net mud pressure is constant across the width,
i.e., ∂p/∂z = 0. Integrating the shear stresses over the width of the fracture, the wall shear







































The wall shear stresses at z = −w/2 can be obtained by virtue of symmetry.
Resultant of these two shear stress components at the wall is balanced by the mud yield


























It is more convenient to solve Eq. (50) numerically in a cylindrical coordinate system, where

























Eq. (50) can be rewritten into,(
∂p
∂x































Then Eq. (53) becomes












+ f̃ sin θ
)2
− (2τ̃0)2 = 0 (55)
The normalized mud pressure p̃ is in the range of 0 ≤ p̃ ≤ 1 between the wellbore and the
invasion front. In order to solve for the invasion profile, it is more convenient to write the
partial derivatives in Eq. (55) with θ and p̃ as variables. The objective of the formulation
therefore reduces to solve for the coordinates (r̃, θ) of the mud invasion front, where p̃ = 0











Partial derivative ∂p̃/∂θ is equivalent to dp̃/dθ, when r̃ is held constant (i.e., dr̃ = 0). Since
























Based on the partial derivative rules derived above, Φ = 0 can be rewritten into a























− 1 = 0 (60)
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Partial derivative ∂r̃/∂p̃→∞, or, 4τ̃20 − f̃2 = 0, implies that flow of the mud will not stop
at any position. Since 2τ̃0 represents the shear resistance from the walls while f̃ corresponds
to the driving mechanism resulted from gravity, for the mud to eventually stop flowing, the
resistance must overcome the driving mechanism, i.e.,
2τ̃0 − f̃ > 0 (62)
Meanwhile, fluid pressure in the fracture always decreases with the radial distance, namely,
































Formulation of the problem is complete if the boundary condition at the wellbore is
supplied. We may assume that the wellbore overpressure Pin is constant and both the
initial reservoir pore pressure and the reservoir stresses remain constant and serve only as
references. The boundary condition at the wellbore can be expressed as,
p̃ = 1 at r̃ = 1 (64)
Close-form solutions to Eq. (63) can be found for a particular case when γ = 0◦, in other
words, when the projection of the wellbore axis on the fracture plane is the same as the
direction of the steepest descent. At θ = 0◦, by virtue of symmetry, cos θ = 1, sin θ = 0 and











at θ = 180◦ (66)
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at θ = 180◦ (68)
Eq. (63) can be solved numerically by using a finite difference scheme. We may dis-
cretize the fracture plane into a N ×M mesh using N rays and M loops. The rays are
of equal interval ∆θ = 360◦/N and can be described by θ = θ1, θ2, ..., θi, ..., θN , where
θi = 360
◦ (i− 1) /N ; the loops are the contour lines of the normalized overpressure p̃ with
an interval, ∆p̃ = 1/ (M − 1). Starting from the wellbore, the pressure at each loop is
p̃ = p̃1, p̃2, ..., p̃j , ..., p̃M , where p̃1 = 1, p̃M = 0 and p̃j = 1 − (j − 1) / (M − 1). There-
fore, at a node (i, j), where ith ray and jth loop intersect, θi and p̃j are known; and the
only unknown to be determined is the radial coordinate, r̃i,j , of the node. The partial


















The wellbore and the fracture geometry and orientation determine the first loop radial
coordinates r̃i,1, which can be used to fully determine r̃i,2, after Eqs. (69) and (70) are
substituted into Eq. (63). The algorithm can then march forward in the radial direction
to find r̃i,j based on r̃i,j−1 until the last loop r̃i,M , which is the mud invasion front profile
corresponding to p̃M = 0.
4.3.2 Parametric Study
In this chapter, all the results are generated based on M = N = 100 using the set of input
parameters listed in Table 6.
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Table 6: Fluid properties, wellbore and fracture parameters
Fracture Fracture width, w (mm) 1
Wellbore
Wellbore radius, rw (mm) 100













Effects of the natural fracture dip angle and the yield stress on the mud loss are first
investigated. Fig. 27 (a) and (b) show loops of constant pressure with ∆p̃ = 0.1 between
two adjacent lines. Radial coordinates indicate the scaled radius. Red dot at the center
represents the position of the wellbore. Black dots along the axis of symmetry mark the
theoretical solution at θ = 0◦ and 180◦, which is consistent with the numerical solution.
Fig. 27 (a) shows the invasion profile in a horizontal fracture. Since component of body
force in the fracture plane is absent, the invasion profile is perfectly circular. Fig. 27 (b)
shows the invasion into a fracture of a dip angle of 30◦, α = 30◦. The invasion has a a far
endpoint at downstream and a close endpoint at upstream on the axis of symmetry, which
are named the toe and the head, respectively.
To further study the effect of yield stress, invasion profiles into fractures with various













Figure 27: Mud invasion profiles with various fracture dip angle; the case numbers refer
to fracture dip angle α in degrees, wellbore inclination angle β in degrees, angle between
x−axis and the major axis γ in degrees, yield stress τ0 in Pa; namely, case 30-30-0-10 is a










Figure 28: Mud invasion profiles with various yield stress.
4.4 Case II - Collinear Elliptical Wellbore Trace
4.4.1 Mathematical Formulation
Next, we consider a more complex case when the fracture is not perpendicular to the wellbore
axis (|n ·m| 6= 1) while the angle between x−axis and the major axis of the ellipse is zero
(γ = 0◦). The wellbore trace on the fracture plane is elliptical with the major axis of the
ellipse being collinear with x−axis. Eqs. 39-63 and the numerical scheme in the last section
remain the same for this case. The only difference is that now the wellbore boundary is an







Therefore, the boundary condition at the wellbore is expressed as,
p̃ = 1 at r̃ =
1√
cos2 θ cos2 δ + sin2 θ
(72)
where δ is the angle between the unit vectors m and n (cos δ = m · n) and is related to
angles α and β via,
cosβ = sinα sin δ + cosα cos δ (73)















at θ = 180◦ (75)
In the limit when δ = 90◦, that is the case when the wellbore axis is coplanar with the
fracture plane, m·n = 0, as shown in Fig. 29. Assuming that the interval where the fracture
intersects the wellbore is much larger than the wellbore radius, the flow is approximately
one-dimensional only in the direction of gravity, and the volume of mud loss mostly depends
on the length of the fracture.
Figure 29: Schematic of a wellbore axis coplanar with the fracture plane.
4.4.2 Parametric Study
While the fracture dip angle determines the component of body force in the fracture plane,
wellbore inclination angle β is only reflected in the boundary conditions through the trace of
wellbore boundary. In other words, β defines the shape of mud inlet in the fracture through
Eq. (72). Depending on the relative orientation of α and β, the trace of the wellbore is
either circular or elliptical except for the extreme case when the wellbore axis is coplanar
with the fracture plane. Wellbore inclination angle β determines the eccentricity of the
wellbore trace, namely, how much the ellipse deviates from being circular. To study the
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effect of β, cases of inclined wellbores intersecting a fracture with α = 30◦ are plotted in
Fig. 30. As can be seen in Fig. 30, the mud invasion profiles from a vertical wellbore, a
horizontal wellbore and a 45◦ inclined welllbore are about the same. What this means is
that when the wellbore radius is small compared with the mud invasion length, the ultimate
mud invasion profiles are not significantly affected by the wellbore radius.
It is noted that pairs of the wellbore of different inclination angles exist which intersect
the fracture at different directions, but they project the same wellbore trace on the fracture
plane. For example, consider a fracture plane of dip angle α = 30◦, based on Eq. (72) we









Figure 30: Mud invasion profiles with various wellbore inclination angles.
4.5 Case III - Rotated Elliptical Wellbore Trace
4.5.1 Mathematical Formulation
Now we add another layer of complexity and consider the case when the fracture is not
perpendicular to the wellbore axis (|n ·m| 6= 1), and the wellbore trace on the fracture
plane is elliptical with an offset between the major axis and x−axis (γ 6= 0◦). Denote δ as
the angle between the wellbore axis, represented by vector m, and the outward normal for
the fracture plane, vector n.
cos δ = m · n (76)
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In the global coordinate system, a unit vector along x3−axis, can be decomposed into local
Cartesian coordinate system xyz,
~x3 = (− sinα, 0, cosα) (77)
The trace of the wellbore on the fracture plane is an ellipse. Denote a and b as the major




b = rw (78)
The unit vector representing the wellbore axis projected onto the fracture plane can be
expressed in xyz coordinates as,
(− sin δ cos γ,− sin δ sin γ, cos δ) (79)
The angle between the wellbore axis and ~x3 is rake angle β
cosβ = sinα sin δ cos γ + cosα cos δ (80)












Inclination angles α and β can be arbitrarily chosen within the range [0, π/2]. However,
according to Eq. 81, only the γ value that satisfies Eq. (82) is geometrically admissible,
cosβ/
√
sin2 α cos2 γ + cos2 α ≤ 1 (82)
The wellbore trace on the fracture mid-plane can be expressed as,
r̃ =
1√
cos2 (θ − γ) cos2 δ + sin2 (θ − γ)
(83)
Eqs. (39)-(63) and the numerical scheme in Section (4.3.1) remain the same for the case
with rotated elliptical wellbore trace. The boundary condition at the wellbore is changed,
p̃ = 1 at r̃ =
1√
cos2 (θ − γ) cos2 δ + sin2 (θ − γ)
(84)
Case III can only be solved numerically.
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4.5.2 Parametric Study
The angle between the major axis of the ellipse and the x−axis, γ, is only reflected in
the wellbore trace Eq. (84). Angle γ determines the relative offset of the major axis with
respect to the x−axis. In Fig. 31, mud invasion profiles are plotted with a horizontal
wellbore intersecting the fracture at different relative orientations so that γ varies between
30◦ and 165◦. The results indicate that the mud invasion profiles only vary slightly with
angle γ. Compared to the fracture dip angle and yield stress, both the wellbore inclination
angle and the the angle of major axis with respect to x−axis are much less important to









Figure 31: Mud invasion profiles with various γ.
4.6 Mud Loss Map
The mud invasion volume is plotted as a function of the inclination angles using a contour
plot, see Figs. 32, 33 and 34. Each map is plotted by keeping one angle constant and
varying the other two. The contour plot provides information of the unfavorable wellbore
orientations with greater loss which should be avoided during drilling. In Fig. 32(a), we
vary α and β and keep γ = 0°. In this case, when α + β = 90◦, wellbore lies in the
fracture plane, which results in large volume of mud loss as indicated by Fig. 32 (a). In
Fig. 32 (b), two zones of high volume are observed: α ≈ 0◦ and β ≈ 90◦, i.e., a horizontal
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wellbore inside a horizontal fracture, and α ≈ 90◦, i.e., a vertical fracture intersected by an
arbitrarily inclined wellbore. The mechanisms responsible for the mud loss in the two zones
are different: in the first zone, mud loss is significant due to the large area of the wellbore
cross-section on the fracture plane; in the second zone, fracture is vertical and therefore
the increase of mud flow can be attributed to the increase in the gravitational force on the
fracture plane.
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(a) γ = 0◦, τ0 = 20 Pa (b) γ = 180
◦, τ0 = 20 Pa
Figure 32: Maximum mud invasion volume as a function of the fracture dip angle and the
wellbore inclination angle.
In Fig. 33, effect of angle γ is examined. Even though inclination angles α, β and γ can
be arbitrarily chosen, only the combinations of values that satisfy Eq. (82) are geometrically
admissible. All the angles outside the admissible combinations are shown as blank spaces
in Fig. 33 and 34. A band of high volume of mud loss can be identified for both β = 45°
and α = 15°, around which wellbore axis is oriented close to the fracture plane. Outside of
the band, mud loss is not sensitive to the variation in angle γ.
54
γ(◦)
















0.02 0.022 0.024 0.026 0.028 0.03 0.032 0.034 0.036 0.038 0.04
Figure 33: Maximum mud invasion volume as a function of the fracture dip angle and γ,
β = 45◦, τ0 = 20 Pa.
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Figure 34: Maximum mud invasion volume as a function of the wellbore inclination angle
and γ, α = 15◦, τ0 = 20 Pa.
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4.7 Comparison With the Numerical Model for Radial Flow
In this section, further analysis is performed with a numerical model for radial flow inside
the fracture (Fig. 39). The fracture is assumed to be horizontal and the flow can be reduced
to one-dimensional. Therefore, the velocities in θ and z direction are negligible compared





where Q is the total flow rate in the fracture.







where p is the net fluid pressure and τrz is the shear stress.





n1 0 < |γ̇| ≤ γ̇c
K2γ̇
n2 |γ̇| > γ̇c
(87)
where K1 and K2 are the consistency parameters, and n1 and n2 are the power law indices.
Symbol τ0 denotes the yield stress and γ̇c is a critical shear strain rate that characterizes the
transition from the low shear rate rheology to the high shear rate rheology. Given the yield
stress τ0 and the critical shear stress τc at the critical shear strain rate γ̇c, the consistency



















Combining Eqs. (86), (87) and the no slip condition at the fracture walls, we can obtain
the expression of the total flow rate in the fracture.
























If p̄ > p̄c2, the plug flow region, the low shear rate governed and the high shear rate governed









































Q(I) (p̄, r) p̄c1 < p̄ ≤ p̄c2
Q(II) (p̄, r) p̄ > p̄c2
(93)
The system of governing equations Eqs. (85), (91), (92) and (93) can be solved explicitly
as described in Chapter 2. Various rheological parameters are chosen as input parameters
(Table 7). The fracture width and the wellbore radius are taken as w = 1 mm and rw =
100 mm, the same as in Table 6.
Table 7: Rheological parameters.
n1 n2 τ0 (Pa) τc (Pa) γ̇c (1/s)
A 0.8 1.1 20 100 150
B 0.7 1.2 10 80 250
C 0.9 1.2 10 150 300
Variations of the mud invasion radius rf with time for overpressure Pin = 100, 500 kPa
with three sets of rheological parameters are compared in Fig. 35. Wellbore overbalance
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pressure plays a critical role in determining the mud invasion radius. For a smaller overbal-
ance pressure, the mud invasion length reaches a plateau relatively earlier, which means the
fracture is sealed faster. At late time, given the same overpressure, the mud invasion radius
becomes more affected by the yield stress. For the same overbalance pressure, the yield
stress only takes effect at late time while early time behavior is governed by the critical
shear stress, which divides the invasion process into the low shear rate governed and high
shear rate governed stages.
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Figure 35: Invasion length vs. time with different overbalance pressure; the case numbers
refer to the fluid type and overpressure in kPa; namely, case A-100 is a test case with type
A fluid and Pin = 100 kPa.
Next, late time behaviors when invasion radius approaches a plateau are further studied.
In a radial flow without the influence of gravity, the ultimate invasion radius depends on
the wellbore radius, the yield stress, the fracture width and the overbalance pressure, as
indicated in Eq. (94) (see derivation in Section (4.10)),






To verify the analytical solution in Eq. (94), the invasion radius from the numerical model
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is normalized by 2τ0/wPin in Fig. (36). Time is normalized by a representative small shear
rate ˙̄γc = 1 1/s. The normalized ultimate invasion radius equals to 1 for all computation
cases, which agrees with the theoretical solution. This comparison indicates that no matter
what the rheological parameters are, the yield stress controls the mud loss behavior at late
time and determines the final invasion length of the drilling mud.
˙̄γt




















Figure 36: Normalized invasion length vs. normalized time with different overbalance
pressure; the case numbers refer to the fluid type and overpressure in kPa; namely, case
A-100 is a test case with type A fluid and Pin = 100 kPa.
4.8 Comparison with Experimental Data
In this section, we will compare the theoretical solution with the experimental data in Majidi
et al. [70]. In their test, two different polymer solutions (Xanthan gum, 30 g/L and 40 g/L)
are injected between two parallel plates from an inlet, where the pressure is maintained
constant. The maximum invasion radius was measured from the injection experiments.
Yield stress of the fluids is measured by a 12-speed rotational viscometer (Table 8).
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Table 8: Yield Stress from test and calculation.
Fluid Measured τ0 (Pa) Calculated τ0 (Pa)
30 g/L Xanthan gum 9.6 9.09
40 g/L Xanthan gum 14 14.2
Data points in Fig. 37 show the maximum fluid invasion radius at various overbalance
pressures from Majidi et al. [70]. According to Eq. (94), the maximum radius of fluid
invasion increases linearly as the inlet pressure increases. Linear regressions are therefore
applied to the experimental data. The yield stress is then determined from the linear
regression based on Eq. 94. The theoretically determined yield stress is compared with the
values measured from the rheometer in Table 8. Excellent agreement is indeed achieved.
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Figure 37: Maximum fluid invasion at various inlet pressures.
In practice, there are various methods for measuring the yield stress of a fluid rang-
ing from direct measurement using a rheometer to indirect measurement in a flow test.
However, direct measurement is rather difficult. Theoretically, the true yield stress should
be measured in the limit of zero shear rate. Nevertheless, due to instrument limitations,
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the rheometer measurement of the yield stress is generally obtained by extrapolating the
shear stress under flow condition to the zero shear rate. Therefore, the yield stress could
be rather inaccurate. A common indirect test is the slump test, which involves measuring
the degree of slumping of a cylindrical volume of material on a horizontal plane [74] based
on the “avanlanche behavior” [19] of yield stress fluid. Inclined plane test which involves
measuring the equilibrium sample thickness on an inclined surface following an initial period
of flow has also been suggested [18]. Since these indirect tests are less well-controlled, they
are non-ideal either.
What we have shown is that our limit solution can not only predict the mud invasion
length in a fracture, it can also be used as an alternative tool to determine the true yield
stress of a fluid. Using squeeze flow between the parallel plates to determine the yield stress
could have practical benefit as well. In practice, the maximum loss volume could also be
affected by factors such as the roughness and the slip conditions of the fracture surfaces. If
these conditions are known a prior, the parallel plates could be engineered to determine a
nominal yield stress more relevant to the field condition.
4.9 Prediction of Fracture Permeability with Field Data




















which is a cubic equation of the fracture width w, with coefficients dependent on wellbore
radius rw, overpressure ratio Pin/τ0, and maximum mud loss volume Vmax. Only one
real, positive root of fracture width w is physically meaningful. Noticing that Ω|w=0 =
−Vmax/4π < 0, Ω (w → +∞) and Ω′ (w) > 0, there will always be one and only one positive
root. Solution of this equation for w is a simple and direct way of determining the fracture
width.
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Next, we will predict the fracture width using mud loss data from an Agip well reported
in Sanllippo et al [90]. A calibration can be performed to find the overpressure ratio at the
depth around 3892.8 m ∼ 3892.85 m, where a core sample was taken. On the core sample,
a 4 cm thick band of fractures have been seen with the fracture width ranging from 0.2
mm to 0.8 mm. We can average the two mud loss readings at those two depths and take
mid-value of the width, which gives a mud loss reading V ∗ = 0.03 m3 and a width reading
w∗ = 0.5 mm. Substituting V ∗ and w∗ into Eq. (96) and assuming rw = 0.1 m gives
overpressure ratio Pin/τ0 = 4788.4. The overpressure ratio is assumed to be constant over
the depth 3892.8 m ∼ 4104.2 m. For every measurement of the circulation loss, the fracture
width, namely, the root of Eq. (96), is computed through a numerical iteration. Since the
inclination angles are not given in the report, we assume all the fractures to be horizontal.
Table 9 and Fig. 38 summarize the results of such an analysis for this particular well.
The calculated value of the fracture width can be used to predict the fracture permeability





where k is the permeability of the fracture. Note that here we are treating the real-time
mud loss volume measurement as that of the worst case scenario to determine the fracture
width. In reality, the ultimate mud loss volume will be larger than the real-time data.
Therefore, the fracture width and the fracture permeability determined from our analysis
are in fact lower bounds.
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Figure 38: Location of the fractures and their estimated hydraulic apertures.
63










3892.8 0.018 0.43 1.5×10−8
3892.85 0.042 0.56 2.6×10−8
3979.8 0.4 1.14 1.1×10−7
3981.1 0.4 1.14 1.1×10−7
4009.7 0.02 0.44 1.6×10−8
4009.9 0.028 0.49 2.0×10−8
4010.1 0.018 0.43 1.5×10−8
4029.9 0.022 0.45 1.7×10−8
4048.75 0.038 0.54 2.4×10−8
4049.3 0.06 0.62 3.2×10−8
4065.3 0.029 0.49 2.0×10−8
4096.8 0.038 0.54 2.4×10−8
4097.8 0.05 0.59 2.9×10−8
4098.6 0.053 0.6 3.0×10−8
4098.7 0.03 0.5 2.1×10−8
4098.9 0.031 0.51 2.1×10−8
4101.7 0.022 0.45 1.7×10−8
4101.8 0.019 0.43 1.6×10−8
4102.3 0.035 0.52 2.3×10−8
4102.4 0.025 0.47 1.9×10−8
4103.8 0.055 0.61 3.1×10−8
4104.2 0.057 0.61 3.1×10−8
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Figure 39: Schematic of radial flow in a fracture.
Steady state radial flow of a Bingham fluid between two horizontal parallel plates is
presented here. Both the low shear limit and the high shear limit solutions are derived. We
assume that the fluid is incompressible and the flow is axisymmetric in a laminar regime.
Denote r and z as the coordinates in the direction of flow and across the parallel plates
with z = 0 being the median plane of the opening between the parallel plates (Fig. 39).








where p and τrz are the fluid pressure and the shear stress at an arbitrary position (r, z).
Since we assume the flow is one-dimensional, ∂p/∂z = 0. Integrating Eq. (98) over z and














Eq. (99) suggests that the shear stress at a given radial position is linearly distributed
over the cross section and the maximum shear stress occurs at the walls of the parallel










where w is the width of the opening between the parallel plates. Note that for radial flow,
∂p/∂r ≤ 0. For a Bingham fluid, the shear stress τ can be related to the shear strain rate
γ̇ through,
τ = τ0 + µγ̇ (101)
where τ0 is the yield stress and µ is the plastic viscosity of the fluid. Existence of the yield
stress means that fluid flow occurs only if the wall shear stress τw exceeds the yield stress
τ0 (τw > τ0). Meanwhile, Eq. (99) also means that under flow condition, there is a plug
zone within |z| ≤ zp, where the flow velocity does not vary in z-direction. The half width











Combining the rheological equation, the equilibrium and geometrical equations and
applying the no-slip condition at the walls (i.e., vr = 0 at |z| = w/2), the flow velocity as
a function of the plug zone half width zp , which in turn is a function of the local pressure




































0 ≤ |z| ≤ zp
(104)

































































When the flow rate is large (ψ  1), we may discard the higher order term ψ3 and obtain










When the flow rate is small and the flow is about to stop, we have, v̄ → 0 and ψ → 1, which







Yield stress is the only the rheological parameter governing the low shear limit soluton.
Though the solution is derived based on the Bingham rheology, the low shear limit solution
is the same if the fluid rheology is Herschel-Bulkley.
Note that the low shear limit solution in Liétard et al. (1999) [65], Verga et al. (2000)
[100], Majidi et al. (2010) [70], and Huang, et al. (2011) [44] was obtained by simply
setting v̄ = 0 in Eq. (109). Since Eq. (109) is only true for large flow rate (ψ  1), it
cannot be used to approximate the low shear limit solution at v̄ = 0. Therefore, their limit
solution −dp/dr = 3τ0/w is incorrect. The implication is that a pressure gradient smaller
than 3τ0/w could still drive the fluid to flow. The solutions for the mud volume loss in these
studies have therefore erred on the unconservative side.
4.11 Conclusions
In this work, a theoretical solution is provided to study the mud invasion into an arbitarily
oriented isolated fracture from an inclined wellbore. The component of gravity in the
fracture plane is taken into account, therefore the invasion profile is not axisymmetric. The
fracture is assumed to has a constant width and bounded by rigid walls. The ultimate
invasion profile when the mud eventually stops flowing is solved based on limit equilibrium
conditions. Effects of the fluid yield stress, the overbalance pressure, the fracture inclination
angle and the wellbore trace on the fracture upon the mud loss behaviors are analyzed. A
limit solution for the particular case of radial flow in a horizontal fracture is compared with
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the transient numerical model for radial flow. Excellent agreement is achieved between our
analytical solution and published experimental data. The theoretical model can be used




DEM MODELING OF FLUID INJECTION INTO A NEARLY
UNCONSOLIDATED MEDIUM SUBJECTED TO ISOTROPIC
STRESS
5.1 Introduction
Better understanding of failure induced by fluid injection in unconsolidated formations or
weakly consolidated formations is crucial. On the one hand, fluid pressurization could lead
to undesirable consequences. For example, overpressure in horizontal directional drilling
may cause upheaval and rupture of the ground surface [29, 94]. On the other hand, fluid
injection can be engineered to achieve specific goals in engineering applications such as,
grouting for ground improvement [3, 31, 92, 93], construction of permeable reactive barriers
for environmental remediation [4, 40, 41], sand control in unconsolidated reservoirs [37, 101],
enhanced production by fracturing or water flooding [53, 54] and cuttings reinjection for
waste storage [16, 52, 98].
Different from hydraulic fracturing in competent rocks, failure mechanisms due to fluid
injection in a nearly unconsolidated formation are not yet well understood due to the highly
nonlinear and coupled nature of the problem. It is generally assumed that onset of failure
may occur in a tensile or a shear mode, depending on whether cohesion is present or not.
In a cohesive medium, fluid pressurization in a borehole is assumed to lead to tensile crack
initiation and propagation. However, in an unconsolidated or weakly consolidated medium,
classical linear elastic fracture mechanics for solids becomes inapplicable since either no new
surface areas are created and/or excessive irreversible deformation occurs. There could be
also be other additional complexities, e.g., when the medium is highly permeable, leakoff
behavior becomes nonlinear.
This work is set out to address fundamental questions such as whether the failure resulted
from fluid pressurization would lead to a shear or in an opening mode of growth, how to
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predict the onset of localized failure and how to relate the breakdown pressure to the
formation characteristics and the fluid properties.
Though the openings or the localized features created by fluid injection in a weak
medium can hardly be called fractures or fluid fingers in the classical sense, these terms are
used loosely to describe any narrow opening features in this work. It is also necessary to
differentiate the growth modes of the localized features from the failure mechanisms in the
host medium. We refer to the growth mode as an opening mode when the opening feacture
extends along the tangent of its original trajectory, and as a branched or shear mode when
the extension deviates from its original path.
5.2 Literature Review
Studies related to fluid injection into the unconsolidated or weakly consolidated materi-
als, including laboratory experiments, theoretical analyses, and numerical simulations, are
reviewed in this section.
5.2.1 Laboratory Experiments
5.2.1.1 Experimental Setup
Laboratory hydraulic fracturing experiments are commonly conducted with an injection
outlet embedded in the center of the specimen. Fluid is then pumped into the specimen via
the outlet at a constant flow rate. Two common types of configurations are a triaxial cell for
a cylindrical sample [75, 82, 55, 20, 92, 67, 15, 10, 34, 21, 23, 45] and a true triaxial cell for a
cubical or rectangular sample [78, 76, 104, 49, 47, 54, 56, 35, 50, 48]. For the cylindrical cell,
the sample is usually contained within a flexible membrane, and is subjected to a lateral
confining stress and a vertical load independently. On the other hand, the true triaxial
chamber allows independent control of three principal stresses. The chamber consists of six
sides and usually has at least one movable side allowing loading, compaction and removal
of the specimen. Among them, X-ray CT was used during the injection experiments in
[20, 10, 21]. Real time acoustic emission monitoring was employed in [36].
The configurations mentioned above are for three dimensional samples, which does not
allow for direct real time visualization. Huang et al. [44] conducted a radial flow injection
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test into dry sand using a Hele-Shaw cell with transparent sides. This approach allows
observing the tip propagation and the leakoff behavior in real time.
5.2.1.2 Material Properties
According to Mitchel et al. [73], the boundary between cohesionless versus cohesive soils is
when the fraction of silt or clay exceeds 50%. Earlier studies were mostly using cohesive
materials as the specimen [75, 66, 78, 76, 104, 92]. Recently, tests on either pure silica sand
[20, 10, 21, 23, 45, 15, 47, 44, 55, 54, 56, 35, 50, 48] or a mixture of sand and fine-grained
material [45, 49, 58, 87, 47, 48] have been performed. The particle size of the sands is about
100 µm in most of the tests. Fine-grained materials, e.g., kaolinite flour, silica flour, sugar
and plaster, are added to the mixture to introduce cohesion, so as to make the granular
samples hold their shape, or to reduce permeability. Experimental results from Hurt [45]
show that adding 20% silica flour to sand can reduce sample permeability by an order of
magnitude while not affecting the cohesionless nature of the material. However, an apparent
cohesion may be introduced in a mixture of sand grains and fluid due to the presence of
surface tension [44].
The experiments were performed on fully-saturated [66, 20, 21, 10, 92, 45, 82, 104, 91],
partially-saturated [78, 35, 50, 82] or dry samples [15, 44]. Most of the samples were
saturated by water, a few studies used KCL brine [55] or oil [56, 91, 35, 50] to wet the
soil. These studies show that hydraulic fractures can be created regardless of the degree of
saturation.
5.2.1.3 Fluid Type
A variety of fluids have been used in the laboratory experiments: water [91, 82, 104, 75, 66,
49, 47, 58], glycerin [78, 44], bentonite slurry [20, 10, 21], cross-linked gel [87, 20, 67, 10,
21, 23, 35, 50, 45], silicone adhesives [15], oil [48, 91, 10], and epoxy resin [92]. These fluids
differ in their rheological behaviors and also in the ability in creating internal or external
filter cakes. Some of the cross-linked gels are used in practice as fracturing fluids.
Khodaverdian and Mcelfresh [55] performed the test with a guar-based cross-linked poly-
mer. Three distinct zones were identified, including a “filter cake” zone, a “gel-invaded”
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zone, and a “filtrate-invaded” zone. Existence of the filter cake increases the rate of pressure
build-up inside the borehole and consequently enhances fracturing. According to Khodav-
erdian and Mcelfresh, the cross-linked fluids can create relatively long fractures, but may
result in extensive formation damage, whereas non-filter cake building fluids result in rela-
tively short fractures due to excessive leakoff.
Similarly, a group of researchers in Delft University of Technology [10, 20, 21, 23] used
viscasil oil, borate cross-linked gel and bentonite slurry, among which they found viscasil
oil was the least efficient fluid in creating a fracture. On the other hand, borate cross-linked
gel plus quartz powder yielded fractures in all the tests due to its effective leakoff control.
5.2.1.4 Boundary Conditions
Boundary conditions in most experiments are stress-controlled [78, 20, 10, 21, 23, 24, 55,
54, 56, 35, 50, 67, 82, 104, 75, 49, 47, 48, 45, 15], with the confining stress up to 40 MPa
[20]. Only a small number of tests are displacement-controlled [87, 92, 45, 15, 43].
The tests performed by Bohloli and de Pater [10] showed that the ratio of maximum
injection pressure to confining stress decreases with an increasing confining stress while the
maximum injection pressure shows an ascending trend with increasing confining stress. At
a low confining stress (∼1 MPa), the ratio in the tests with bentonite slurry is much higher
than those with other fluids. At higher confining stresses (∼10 − 20 MPa), the ratios are
about the same for all types of fluids used. It was noted that the fracture initiation pressure
is not sensitive to the fluid type used at the high confining stress.
The experiments by Hurt [45] indicated that the fracture initiation pressure greatly
depends on the magnitude of the confining stresses. He performed dimensional analysis,
which suggests a power-law relationship between the peak injection pressure and the con-
fining stress.
5.2.1.5 Failure Near the Borehole
Prior to the breakdown of the borehole, cavity expansion was observed in the experiments,
e.g., [15][36] Meanwhile, experiments by Bohloli and de Pater [10] and de Pater and Dong
[21] showed evidence of both an opening mode and a shear growth mode in sand near the
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injection borehole. Fractures obtained at high stresses are short, branched and tortuous
while those obtained at low stresses are relatively longer, straight and less tortuous. Shear
bands manifested through localized density variations was detected by CT scan.
5.2.1.6 Failure at Fracture Tip
Murdoch [78] found that the hydraulic fractures generated in partially saturated silty clay
are narrow, normal to the direction of the least principal compression, and have similar
features of the tensile fractures in hard rocks. At a high water content, a fluid lag was
found behind the leading edge of the fracture, which is also present in fluid-driven fractures
in rocks.
Khodaverdian and Mcelfresh [55] injected a guar-based cross-linked polymer into sand.
They considered that fracture tip propagation in unconsolidated sand is dominated by fluid
invasion and shear failure within a process zone ahead of the tip. Besides the main fracture,
multiple sub-parallel fractures are observed.
In the experiments by Dong [24], a cross-linked gel was injected into sand. Shear bands
were observed ahead of the crack tip by CT imaging. They also found that fractures were
relatively wider in the granular media compared to those in competent rocks.
Chang’s experiments [15] were primarily in dry silica flour and sand. Three main types
of fracture fronts were observed: round, beveled and fingered. The front geometry was
attributed to three physical mechanisms: cavity expansion, shear banding and induced
cohesion. The results also showed an increase in the fracture aperture with an increasing
confining pressure.
Hurt [45] extended Chang’s study to saturated materials. A leakoff zone was observed
ahead of the fracture tip and showed that fractures cannot be generated in cohesionless
materials if there is excessive leakoff. An important characteristic feature of the fracture
propagation process is tip blunting, which is attributed to plastic deformation at the tip.
Golovin et al. [35] and Jasarevic et al. [50] injected the cross-linked gel into partially
saturated sand. They found that the fractures could change from simple planar forms to
a “multi-branched stochastic fracture network” by increasing the injection rate or lowering
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the solids concentration in the injection fluid.
In the experiment by Ito et al. [47], water was injected into pure silica sand or a mixture
of sand and kaolin. The fracture patterns greatly depend on injection flow rate: a lower
flow rate resulted in a single and straight fracture and a higher rate resulted in branching
fractures.
In Zhang’s experiment [107], the fractures are produced by injecting an aqueous glycerin
solution into silica sand. The velocity field of near the fracture tip was analyzed by using
Particle Image Velocimetry (PIV) technique, which indicates the tip propagation has the
sequence of tip blunting and splitting. The new tip grows into a direction of 45◦ with
respect to the main branch, suggesting that the tip grows as a result of shear failure. The
shear failure mechanism was also confirmed by the highly localized shear strain rates near
the tip from the PIV results.
5.2.2 Theoretical Analyses
In theoretical analyses, it is typically assumed that the medium fails in a tensile or shear
mode, depending on whether cohesion is present or not. Many theoretical analyses have
been proposed to study the failure near a cavity to address fracture initiation, and the
failure near a fracture tip to explain the propagation process.
5.2.2.1 Tensile Failure of A Pressurized Cylindrical Cavity
The tensile fracture near a cylindrical cavity was analyzed based on a tensile strength
criterion [9, 51, 66, 104]. The formation is considered failed when the circumferential stress
near the borehole exceeds the tensile strength of the formation. In a weakly consolidated
formation, the tensile strength is very low or negligible. Based on this assumption, an
empirical expression was first given by Bjerrum et al. [9] and then modified by Jaworski et
al. [51] to predict the fracture initiation pressure,
uf = mσH + σt (111)
where uf is the hydraulic fracturing pressure; σH is the horizontal total stress; σt is the
tensile strength; and m is a material constant.
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5.2.2.2 Tensile Failure at Fracture Tip
Conventional linear or non-linear fracture mechanics has been employed to constructed the
failure criteria for fracture propagation. Saada et al., Fang et al., Murdoch, and Hanson et
al. [89, 30, 97, 77, 38] based their studies on Linear Elastic Fracture Mechanics (LEFM).
Fracture initiates and propagates if the stress intensity factor at the fracture tip exceeds
the fracture toughness of the material. Both a mode I [77] fracture and a mixed mode I/II
fracture [97] have been studied.
Nevertheless, in practice, a toughness much larger than that is typical for a competent
rock is often needed as an input to predict the fracturing pressure in the nearly unconsoli-
dated formations. This may be an indication that the theoretical models based on LEFM
is not sufficient in describing the failure mechanisms in those media.
5.2.2.3 Shear Failure of A Cylindrical Cavity
The ideal radial expansion of the borehole can be described by the theory of cavity expan-
sion, first introduced by Bishop et al. in 1945 [8] and was modified over the next few decades
[14, 59, 12] to consider large, radially symmetric deformation of a cavity in an infinite do-
main with hydrostatic far field stress. Since the experiments are generally conducted in a
finite domain, the elastic-perfectly plastic solutions for radial expansion of a thick-walled
cylinder [105, 42] could also apply. To analyze the onset of non-uniform shear deforma-
tion, experiments are compared with theoretical studies based on bifurcation analysis in [2].
The thick-walled cylinder solution and the bifurcation analysis will be further discussed in
Chapter VI.
5.2.2.4 Shear Failure at Fracture Tip
Papanastasiou [83] numerically investigated the influence of the plastic behavior using an
elasto-plastic model coupled with fluid flow inside the fracture. A strain softening model
was employed at the fracture tip to describe fracture propagation. It was concluded that a
higher net pressure is needed to propagate a fracture in an elasto-plastic medium than in an
elastic medium. Plastic deformation results in a shorter and wider fracture. The difference
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is strongly affected by the size of the plastic zones.
Chang [15] suggested two mechanisms for fracture propagation: fluidization, i.e., when
the grains lost contact as a result of fluid pressurization, and shear band formation. A
localized process zone model and a super-dislocation model were examined in Wu [102].
The localized process zone model assumes a linear softening law according to the Dugdale-
Barenblatt model [26, 5]. In the super-dislocation model, the shear band is modeled by a
single dislocation. Hurt [45] found evidences of both shear and tensile deformation near the
tip, which suggests potential competing mechanisms for the fracture propagation.
5.2.3 Numerical Simulations
Hydraulic fracturing models for hard rocks usually assume a planar mode I fracture ge-
ometry. This assumption is invalid for cohesionless and weakly unconsolidated formations
that are prone to shear failure. Shear failure could cause the fracture to become tortuous.
Modeling fracture growth thus becomes rather challenging since in any numerical model,
whether it is based on finite difference or finite element method (FEM), the criterion for
fracture propagation is the most crucial element.
A smeared-fracture approach has been implemented into both the FEM model [6] and
the finite difference model [95] to simulate the fracture propagation in weakly consolidated
formations. The use of the smeared-fracture approach could be justified by the random
nature of the micro-structure. In the model by Khodaverdian et al. [54], the criterion for
fracture propagation was approximated by an “equivalent” fracture toughness, which was
chosen to represent that of unconsolidated sand. Xu and Wong [103] treated the hydraulic
fracture as a large area of shear dilated plastic zone with low effective stress and high
hydraulic conductivity.
DEM modeling has been used to simulate the fluid injection process into unconsolidated
or weakly consolidated formations. An advantage of the DEM in modeling the fluid injection
problem is that the propagation of the fracture is automatically taken care of by the local
force-displacement laws. Fluid injection could be realized by a coupled CFD-DEM model
[11, 109, 108] or a coupled pore-network model [20, 21, 108]. A limitation of the coupled
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CFD-DEM model is that the simulated fracture morphologies are relatively simple, since
the fluid pressure is averaged over the fluid element, which is generally much larger than
the particle sizes. The pore-scale pressure information is thus not accurate. For the pore-
network model, a main challenge is to deal with the large pressure gradient from fluid leakoff
when the viscosity of the injected fluid is large.
Bruno et al. [11] utilized a coupled CFD-DEM model to simulate the fracturing process
during waste injection. When formations are weakly cemented with limited shear strength,
the failure transitions from brittle, discrete fracture extension, to relatively large-scale di-
lation and inelastic deformation.
Cook et al. [17] simulated the near-wellbore failure in a loosely cemented rock based
on the DEM approach in [88]. Fluid flow is modeled by streaming disc particles from the
source to collide with the larger particles on the borehole boundary, which results in a radial,
outward force along the borehole wall. The simulation produced multiple radial fractures.
Wu [102] conducted the analysis with a coupled CFD-DEM model and suggested that
opening of a fracture is a result of fluidization of the particle-fluid mixture when the loss of
contacts between the particles occurs in all directions.
De Pater et al. [20, 21] simulated the injection process based on a pore-network model.
The hydraulic conductivity of the contacts near the injection source was assigned to decrease
exponentially to simulate the pressure drop over the external filter cake. The numerical
simulations agreed with their experimental results and predicted the trend of the stress
dependence of the fracturing pressure.
Zhang et al. [108] modeled the fluid injection process into a dense granular medium
based on both the coupled CFD-DEM and the pore-network coupling model. The numerical
analysis examined the effects of parameters such as the fluid viscosity, the injection rate, the
elastic modulus and the permeability of the medium and verified the scaling relationships
among them.
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5.3 Numerical Model Setup
As we can see from the literature review, extensive efforts have been devoted to the subject
over the last two decades. However, failure of the host medium and the fracture growth
mechanisms due to fluid injection in a nearly unconsolidated medium are not fully under-
stood due to the highly nonlinear and coupled nature of the problem. It is generally assumed
that onset of failure may occur in a tensile or a shear mode, depending on whether cohesion
is present or not. In a cohesive medium, fluid pressurization in a borehole is assumed to lead
to tensile crack initiation and propagation. On the other hand, for a cohesionless material,
a constitutive model of Coulomb type predicts that the material must fail in shear and
failure may be manifested in the medium in form of spiral-shaped shear bands.
Evidences of shear band development are observed in the cavity expansion experiments
in dry sands in Alsiny et al. [2] where borehole pressurization is realized by inflating
a membrane. In these experiments, the membrane does not penetrate into the sands.
Meanwhile, the experiments in Chang [15], performed by injecting a highly viscous fluid
into dry sands or silica flour, demonstrate that planar features resembling an opening mode
crack can be created in a purely frictional granular material. A major difference between
these two experiments is the pressurization mechanism. We therefore conjecture that the
action of fluid penetration to cause grain displacements is a critical element in producing
the opening mode crack- or finger-like features.
In this study, the effect of fluid penetration on the fluid-grain displacement patterns in a
nearly cohesionless medium is investigated using the DEM code PFC2D®[46]. A numerical
scheme is devised to consider a particular case, where the injected fluid is highly viscous and
can penetrate into open spaces in between grains if the gap size between two neighboring
grains exceeds a threshold value. Such an implementation could be considered analogous to
taking into account the effect of surface tension without leakoff; the larger the critical gap
size, the higher the surface tension or the fluid viscosity. We focus here only on the case
when the fluid leakoff is negligible and the matrix is dry or in a drained condition. Numerical
implementation in this work can be viewed as a simplification for modeling a fully-coupled
process. It overcomes the difficulties in dealing with the large pressure gradient from fluid
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leakoff when the viscosity of the injected fluid is large.
The numerical analysis is carried out in two types of two-dimensional (2D) domains: a
circular particle assembly under isotropic stress field with a borehole in the center and a
rectangular particle assembly under anisotropic stress field with a center slot, a side slot
or a center hole. The circular assembly is used to study the near-wellbore failure mecha-
nisms under an isotropic stress field. The rectangular assembly is used to investigate the
mechanisms of fracture propagation under both isotropic and anisotropic stress conditions.
This chapter and Chapter VI focus on expansion from a cylindrical cavity subjected to
an isotropic confining stress, while the case with a rectangular assembly is investigated
in Chapter VII. Discussions on the numeical simulation results in this chapter will focus
mainly on the morphology or displacement patterns created by fluid injection. The injec-
tion pressure and the comparison between the numerical results and theoretical solutions
are discussed in Chapter VI.
A 2D hollow circular domain is set up as shown in Fig. 40. The particle are generately
randomly to create a dense packing inside the hollow circular domain. A servo-controlled
scheme is applied to the outer boundary to maintain a prescribed confining stress by ad-
justing its radial velocity.
𝐷𝐷𝑖𝑖𝑖𝑖
𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜
Figure 40: Schematic of a circular assembly with a hole.
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A linear contact model is employed to relate the contact forces and the relative displace-
ments between two particles through,
Fn = knUn Fs = −ks∆Us (112)
where Fn and Fs are the normal and shear contact forces; kn and ks are the normal and
shear contact stiffness; Un and ∆Us are the normal displacement and shear displacement
increment. A positive force means compression. If there are bond strengths assigned to
the contacts, the contact forces are limited by these normal and shear bond strengths. The
contact forces reduce to zero if the normal bond strength Fn is reached (in tension). If the
shear bond strength F s is reached, the contact forces then follow a slip model of Coulomb
type so that the shear force at a contact remains less than or equal to a limiting value that
equals to the friction coefficient times the normal force.
5.3.1 Fluid Modeling Strategy
The fluid-grain interface is identified first by searching for a closed chain of particles nearest
to the borehole, where the gap, δ, between any two neighboring particles does not exceed
a threshold value, δc. As fluid front advances, new particles are added to the chain, if the
growth criterion, δ ≥ δc, is met. The interface therefore acts like a very flexible membrane.
A schematic illustrating the growth of the fluid front is shown in Fig. 41. The initial fluid-
grain interface consists of balls I, II and III. Ball IV becomes part of the interface chain
when the gap between balls I and II exceeds the critical value. An example showing details
of the fluid-grain interface from an advanced simulation stage is given in Fig. 42. Resultants
of the fluid pressure are applied to individual particles on the fluid-grain interface as body
forces, similar to the shining-lamp algorithm proposed by Potyondy [85]. In this study, the
fluid flow time step is set to be 20 times the mechanical time step. Both the fluid pressure
and the fluid-grain interface are updated at every fluid flow time step.
Two sets of parameters are used to define the chain properties: the critical gap δc
as well as the normal and shear stiffnesses of the contact bond knc and ksc between two
adjacent particles. The stiffnesses of the bonds on the chain are set to be 10% of the contact










Figure 41: Schematic of (a) the initial fluid-grain interface consisting of balls I, II and
III; (b) the updated fluid-grain interface with the new addition of ball IV; fluid pressure is
applied to the particles via body forces.
Figure 42: An example showing details of the fluid-grain interface at an advanced stage
of simulation. The particles on the interface are marked in green, and the resultant forces
from the fluid pressure are marked by the red arrows.
with the contact bond strengths, at the interface the chain properties are implemented after
the contact bonds are broken.
5.3.2 Constant Flow Rate Implementation
Fluid injection is assumed to be at a constant rate. To implement the constant rate bound-
ary condition, we assume that fluid pressure is constant in the borehole within one fluid
flow time step. A cylindrical wall is initially used to support the cavity. At the start of
the simulation, the reaction on the wall is replaced by an equivalent pressure applied at
the fluid-grain interface. The fluid pressure is then updated at each time step. Given an
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injection rate, Q, fluid bulk modulus, Kf , and current borehole area, A, the change in the
borehole pressure, ∆P , can be related to the volume of fluid being injected into the borehole






The fluid bulk modulus is set to be Kf = 1 × 107 Pa in this study, which is lower
than a typical value for water. The value is chosen primarily for the reason of maintaining
numerical stability. A large bulk modulus could result in a large pressure change within
one time step, causing the interface chain to become unstable.
A detailed fluid pressure calculation cycle is shown in the flow chart in Fig. 43. After the
start of the simulation, the amount of fluid being injected into the borehole is calculated for
a given fluid flow step time ∆t. The change in the fluid pressure is then calculated based on
Eq. (113). Position of the fluid-grain interface chain as well as the fluid pressure is updated.
Mechanical calculation steps then follow. Borehole deformation and the particle movements
during the mechanical calcuation steps alter the relative positions of the particles. After 20
mechanical time steps, a new fluid pressure calculation cycle starts.
5.3.3 Simulation Parameters
Both the cohesionless and weakly consolidated media are modeled in this study. The outer
diameter of the domain is chosen to be Dout = 160 mm and the inner diameter of the
borehole is varied, Din = 8 mm, 16 mm and 32 mm, which gives Dout/Din = 20, 10 and 5.
The micro-scale parameters and fluid properties are summarized in Table 10. The macro-
scale material strength parameters of the particle assembly with three particle friction
coefficients, i.e. φb = 15
◦, 30◦ and 45◦ are measured separately using the biaxial tests
under different confining stress σo ranging from 0.5 MPa to 3 MPa. A rectangular specimen
of height 200 mm and width 100 mm is used. The specimen has a uniform particle radius
distribution between 0.5 mm and 0.7 mm and the total number of the particles is about
15, 000. Since the stress-strain behaviors of the particle assembly are nonlinear, the tangent
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Determine the amount of fluid being 
injected into the borehole for a given 
fluid flow time step Δt
Calculate the current 
borehole area





Solve for another 
mechanical step
Ready for the 
next cycle
Record time t0
Update the borehole pressure
Figure 43: Flow chart of the constant flow rate implementation.
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elastic modulus and the friction angle at the level of 50% peak stress are obtained as the
index properties. Figs. 44 and 45 plot the elastic moduli and the peak friction angles of
the three assemblies at different confining stresses. The macro-scale material constants for
the cohesionless case are summarized in Table 11.
Table 10: Micro-scale properties of the particle assembly.
Grains
density ρ = 2650 kg/m3
particle radius 0.5− 0.7 mm
friction φb = 15
◦, 30◦, 45◦
contact stiffness kn = ks = 0.417× 108 N/m
contact bond strength F̄n = F̄s = 0, 100, 500, 1000 N
Interface chain
contact stiffness knc = ksc = 0.417× 107 N/m
critical gap δc/r̄ = 0.1, 0.3, 0.5
σo (MPa)






















Figure 44: Variations of the elastic moduli of the purely frictional particle assembly as
functions of the confining stress.
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σo (MPa)





















Figure 45: Variations of the peak friction angle of the purely frictional particle assembly
as functions of the confining stress.
Table 11: Macro-scale properties of the purely frictional medium.
φb (


















The macro-scale material strength parameters of the particle assembly with various
normal and shear bond strengths are measured separately by the direct tension test, the
uniaxial compression test, and the biaxial test under the confining stress of σo = 1 MPa
(Table 12). The elastic modulus is mostly related to the particle stiffness and is therefore
not significantly affected by the bond strengths. The maximum contact strengths assigned
to the bonds are F̄n = F̄s = 1000 N, which result in a uniaxial compressive strength
σc of 1227.5 kPa and a tensile strength σt of 446.2 kPa. After the start of the uniaxial
compression and direct tension tests with F̄n = F̄s = 100 N, since the initial locked-in
contact forces in the particle assembly are mostly larger than the bond strengths, the load
drops instantaneously once it’s applied. In other words, the particle assembly is effectively
cohesionless. Therefore, σc and σt are both taken as zero for the case with F̄n = F̄s = 100 N.
Table 12: Macro-scale properties of the cohesive medium.
F̄n, F̄s (N) E50 (MPa) φ (
◦) σc (kPa) σt (kPa)
100 39.2 25.87 0 0
500 40.2 26.49 576.4 181.0
750 41.2 28.23 910.3 318.1
1000 41.8 31.08 1227.5 446.2
5.4 Parametric Study
In this section, we uses the proposed numerical methodology to study the fluid injection
process into the unconsolidated or weakly consolidated medium. Parametric analysis on the
effects of the confining stress, the critical opening size for the fluid to penetrate through, the
particle friction angle, the size of the initial borehole, the injection rate and the contact bond
strengths is performed. A total of 39 numerical are conducted (details of the parameters
in each test are listed in Appendix A), which includes 30 tests for the cohesionless medium
and 9 tests for the cohesive medium. The test name refers to the ratio of the critical
gap size over the average radius δc/r̄, confining stress σo in MPa, the ratio of the outer
over inner diameter Dout/Din, the injection rate Q in m
2/s, the particle friction angle
φb in degree, and the contact bond strengths F̄n and F̄s in N, if there is cohesion. For
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example, test 0.1 0.5 20 0.1 30 is a case with a cohesionless particle assemby and δc/r̄ = 0.1,
σo = 0.5 MPa, Dout/Din = 20, Q = 0.1 m
2/s and φb = 30
◦. Test 0.5 1 10 0.1 30 c1000
is a case with a cohesive particle assembly and δc/r̄ = 0.5, σo = 1 MPa, Dout/Din = 10,
Q = 0.1 m2/s, φb = 30
◦, and F̄n = F̄s = 1000 N.
5.4.1 Effect of the Critical Gap Size and the Confining Stress
A series of 9 tests are carried out at a constant injection rate Q = 0.1 m2/s with various
confining stresses σo = 0.5, 1, and 5 MPa and critical gap sizes δc/r̄ = 0.1, 0.3, and 0.5.
The displacement patterns from the series of the injection tests around the peak pressure
stage and at a post peak stage are shown in Figs. 46 and 47. The particles on the interface
chain are marked in green. Red circle indicate initial borehole positions.
Overall, a transition from radial expansion of the cavity at initial stage and the growth
of localized features is observed. At the early stage of injection, the wellbore expands and
the shape remains more or less circular. However, as the injection continues, the borehole
shape becomes distorted. Localized features start to form. The injection pressure reaches
the peak around the moment when these localized features form. Fig. 48 plots the schematic
of particle arrangement near the cavity and two possible failure modes. Starting from the
state shown in Fig. 48 (a), if the medium is nearly homogeneous and the initial borehole is
perfectly circular, the cavity should remain circular and expands radially. Nevertheless, the
assembly is randomly generated with particle size following a uniform distribution and the




























δc/r̄ = 0.1 δc/r̄ = 0.3 δc/r̄ = 0.5
Figure 46: Morphologies of the fluid-grain interface for the tests with φb = 30
◦, Q =
0.1 m2/s and Dout/Din = 20 around the peak pressure stages, showing only the near-
borehole vicinity; injected fluid volume, (a) Qt = 50.2 mm2 (b) Qt = 95.3 mm2 (c) Qt =
147.4 mm2; (d) Qt = 55.7 mm2 (e) Qt = 95.0 mm2 (f) Qt = 153.1 mm2; (g) Qt = 50.2 mm2



























δc/r̄ = 0.1 δc/r̄ = 0.3 δc/r̄ = 0.5
Figure 47: Morphologies of the fluid-grain interface for the tests with φb = 30
◦, Q =
0.1 m2/s and Dout/Din = 20 at post peak stages; (a) Qt = 247.7 mm
2 (b) Qt = 694.5 mm2
(c) Qt = 894.9 mm2 (d) Qt = 307.8 mm2 (e) Qt = 644.8 mm2 (f) Qt = 739.3 mm2 (g)




Figure 48: Schematic of the particle arrangement around the cavity and the two possible
displacement modes: (a) initial state, (b) radial expansion of the borehole and (c) borehole
distortion.
It can be seen from the first test series in Figs. 46 and 47 (a)-(c) with a low confining
stress, σo = 0.5 MPa, borehole expansion is more significant in the pre-peak stage if the
critical gap size δc/r̄ is larger. For δc/r̄ = 0.1 and σo = 0.5 MPa, one small “branch” first
appears around the peak injection pressure. But it does not extend outwards immediately.
Instead, another branch is developed from the other side of the borehole. At the injection
volume of Qt = 247.7 mm2, a thin long finger-like feature with side branches (or kinks)
can be observed. For δc/r̄ = 0.5 and σo = 0.5 MPa, borehole expansion is the dominant
growth mode for both the peak stage and the post peak stage. The amount of fluid being
injected at the peak pressure for the δc/r̄ = 0.5 case is more than that for the δc/r̄ = 0.1
case. Furthermore, the relatively large critical gap size leads to notch-like features, instead
of the finger-like features, even at a relatively large injection volume. The displacement
patterns in the simulations with σo = 1 MPa are similar to their corresponding cases with
σo = 0.5 MPa. The injection volumes at the peak stages are comparable too. When the
confining stress increases to σo = 5 MPa, there is no longer substantial cavity expansion
prior to the peak when δc/r̄ = 0.5. The peak pressures are reached with much smaller
injection volumes. The fingers are now wider, see Figs. 47 and 46 (g)-(i). At δc/r̄ = 0.1
and 0.5, the fingers appear to be curved.
At the early stage, if the trajectory of a localized feature is in the radial direction, we may
relate it to an opening mode growth mechanism. Meanwhile, if the trajectory deviates from
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the radial direction, i.e., not perpendicular to the circumference of the borehole, we may
then relate it to a shear mode. Judged by this simple criterion, both growth mechanisms
are present in Fig. 46. For example, in Fig. 46 (h), the branch in the top appears to be
of shear origin, whereas the one in Fig. 46 (i) seem to be of an opening mode. In the
propagation stage in Fig. 47 (a), after the primary branch grows to a certain length, tip of
the opening starts to split. One of the splitted tips becomes dominant and the main branch
changes direction to propagate in a zig-zag fashion. When the critical gap size increases
from δc/r̄ = 0.1 to 0.3, or the confining stress increases from σo = 0.5 MPa to 5 MPa, the
tortuosity decreases and the branch walls become relatively smooth. It is interesting to note
that some of the branches in Fig. 47 (e)-(i) seem to be in a spiral-like shape, a signature
associated with a shear band. The finger orientations are fitted by a spiral function and
futher analyzed in Section 5.3.1.4.
5.4.1.1 Borehole Evolution
By tracking the centroids of the particles at the borehole boundary, evolution of the borehole
geometry in terms of shape and the rate of borehole expansion is recorded at a constant time
interval, see Fig. 49. For small critical gap size, the borehole develops into multiple fingers
at very early stage. The fingers extends in length but the width remains nearly constant,
as shown in Fig. 49 (a). For large critical gap size, the borehole expands uniformly prior
to becoming distorted. The localized feature grows in both length and width, as shown in
Fig. 49 (c).
If we translate the effect of the critical gap size to the effect of surface tension or fluid
viscosity, this means that injection with a low viscosity fluid at a low confining stress is
likely to create long thin features of nearly constant width, while injection with a high
viscosity fluid at a high confining stress is likely to create the fractures with the aperture
decreasing with its length. Width at the tip of the fingers also increases with the critical gap
size as well as the confining stress. These observations are similar to those from Chang’s
experiments [15], where the fracture created with a larger viscosity has a beveled fracture
















































































































































δc/r̄ = 0.1 δc/r̄ = 0.3 δc/r̄ = 0.5
Figure 49: Evolution of the borehole profiles at Q = 0.1 m2/s and Dout/Din = 20.
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The borehole profiles can be approximated by a discrete Fourier series [28],
R(θ) = R0 +
∑
Rn cos (nθ − φn) (114)
where θ is the polar angle; n is the harmonic order; R0 is the average borehole radius; Rn is
the nth harmonic amplitude and φn is the phase angle. The Fourier analysis of the wellbore
profiles for a representative test with σo = 0.5 MPa and δc/r̄ = 0.5 is shown in Fig. 50.
The amplitudes of the harmonic orders n = 4 and 5 are about the same as that of n = 1
. This means that at the peak pressure stage, though the borehole shape is no longer a
perfect circle, it remains nearly circular.
n










Figure 50: Normalized amplitude of the first ten harmonics at the peak stage for the case
with Q = 0.1 m2/s, Din = Dout/20 and σo = 0.5 MPa.
5.4.1.2 Fracture Width and Orientation
To quantify the growth of the borehole and initiation of the fingers, we define three param-
eters: radius of the inscribed circle for the distorted wellbore, Rmax, an apparent fracture
width of the opening, w̄, and a pitch angle φ of the spiral function fitted by the finger
mid-line.
The inscribed circle is the largest possible circle that can be drawn on the inside of the
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borehole profile as shown in Fig. 52 (a) and (b). The radius of the inscribed circle, Rmax,
is measured to reflect the amount of radial expansion.





where A and S are the current area and the perimeter of the borehole respectively, A∗and
S∗ are the area and the perimeter of the maximum inscribed circle, defined as
A∗ = π (Rmax)
2 , S∗ = 2πRmax (116)
The area and the perimeter of the maximum inscribed circle are subtracted from the cur-
rent values to eliminate the amount of radial expansion while calculating the apparent
width. Both the areas and the perimeters are determined based on the centroid-to-centroid
distances of the particles on the interface chain.
Variations of the apparent width of the opening, w̄, with the radius, Rmax, are shown in
Fig. 51 for the three tests with σo = 0.5 MPa, where d̄ is the mean particle diameter and R0
is the initial borehole radius. Since the borehole area is excluded in Eq. 115, the apparent
width w̄ can be considered as a measure of the half-width of the branches; w̄/d̄ ≈ 1 means
the opening is about twice the mean particle diameter (including one particle diameter from
the interface chain). It can be seen from Fig. 51, as the borehole expands, the width w̄
increases nearly linearly in the tests with δc/r̄ = 0.3 and 0.5. For the test with δc/r̄ = 0.1,
the width and the radius remain more or less a constant of 1. At the same injection volume,
the width increases with the critical gap size δc.
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Figure 51: Variations of the apparent width of the opening, w̄, with the radius, Rmax,
of the largest inscribed circle at various stages of the simulations for the three tests with
σo = 0.5 MPa; the grey scale indicates the injection stage, black corresponds to early stages
and white late stages.
The numerical results imply that if the fluid viscosity is relatively low (small δc/r̄), the
localized feature tends to be narrow (small w̄/d̄). The injected volume mostly goes into
extending the finger-like features in length, instead of expanding the borehole or widening
the localized features. On the other hand, if the fluid viscosity is high, significant borehole
expansion should be expected and the localized features tend to be wider.
To fit the finger by a spiral function, we need to identify the mid-lines of the fingers. The
boundary of the borehole is first converted to a binary image. Each point inside the borehole
boundary is assigned a number indicating the distance between that point and the nearest
point on the boundary. The information is then processed by plotting a contour plot, see
Fig. 52 (c) and (d) . The mid-line, which consists of points with the furthest distance
from the boundary, is therefore plotted as white dots in Fig. 52 (e) and (f). Finally, the
white dots representing fracture mid-lines are fitted by logarithmic spiral functions in polar
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(e) (f) (g) (h)
Figure 52: Procedure to find inscribed circles, fracture mid-lines and pitch angles, (a) and
(b): inscribed circles of two borehole profiles; (c) and (d): contour plots of the distance to
the nearest boundary; (e) and (f): fracture mid-lines; (g) and (h): fitted fracture mid-lines
coordinates (r, θ) in the form of,
r = a exp (bθ) (117)
with a and b being constant coefficients. For an arbitrary point on the spiral, the angle





The larger the pitch angle, the tighter the spiral. In the limit when ψ = 90◦, the spiral is a
circle; and when ψ = 0◦, the spiral becomes a straight line.
In Fig. 53, the pitch angles for the fingers in the 9 tests are plotted. For the tests with
multiple fingers, the pitch angle of each fracture is represented by a marker of the same
color and style in Fig. 53. Overall, the fingers at low confining stress are less tortuous than
those at high confining stress.
5.4.1.3 Shear Deformation
Fig. 54 plots contours of the particle rotational velocity for the 9 numerical tests. The mag-
nitude of the color map represents the rotational velocity in rad/s. The particle rotational





















Figure 53: Fracture pitch angle with various confining stress and critical gap size at Q =
0.1 m2/s and Dout/Din = 20.
rotational velocity, the greater the shear strain rate. Though these contours are only snap-
shots at those particular post peak moments, we can still infer from the plots that active
growth of the localized features are related to intense shear deformation. For the finger-like
features, the shear deformation is localized near the tips. However, large borehole expansion
could result in growth of long spiral shaped shear bands emitting from the inner wall and
extending all the way to the outer boundary, see Fig. 54(c), as would be expected from an
elasto-plastic analysis when the full domain is in plastic yield. Shear banding associated
with fluid injection has also been observed in a DEM coupled CFD analysis in Zhang and



























δc/r̄ = 0.1 δc/r̄ = 0.3 δc/r̄ = 0.5
Figure 54: Particle rotational velocity at Q = 0.1 m2/s and Dout/Din = 20.
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5.4.1.4 Pressure History
Histories of the net borehole pressure, ∆P , from the three numerical simulation cases at
σo = 1 MPa are plotted in Fig. 55. The net borehole pressure is defined as ∆P = P − σo,
where P is the absolute borehole pressure and σo is the confining stress. As can be seen from
Figs. 55, the pressure histories from the numerical simulations all exhibit sudden drops and
rebounds. The drops and the rebounds are partly reflecting the physical process of borehole
expansion or the extension of the finger-like features and partly due to the discretization in
time in implementing the constant rate boundary condition.
In general, the pressure histories from the numerical simulations may be divided into two
stages. The first stage is the early rising part before the pressure reaches a peak. Note that
in Figs. 46 (d)-(f), at the end of this first stage, the borehole shape remains nearly circular,
but there are initiations of localized features. The first stage ends earlier if the critical gap
size is smaller. Pressure histories in this first stage are compared with theoretical solutions
in Chapter VI. The second stage corresponds to the extension of the finger-like features or
further expansion and distortion of the borehole. In this stage, the pressure remains nearly
constant or declines slightly within the observation period.
The results in Fig. 55 suggest that given the same injection rate, the fracturing pressure
is lower if δc/r̄ is smaller. This is not surprising since the critical gap size embodies an
energy dissipation mechanism for fracture growth. What the numerical results mean is that
if less energy is spent in propagating the fracture, the fracture pressure is then lower, which
is consistent with fracture mechanics in a continuum.
Injection pressure and the injection volume at the peak stages for the 9 tests is complied
in Table 13. Overall, the net injection pressure at the peak stage shows an increasing trend
with the confining stress. However, the ratio ∆Pmax/σo decreases with the confining stress.
Simillar observation was made in Bohloli and de Pater [10], where the ratio ∆Pmax/σo
increases from 1.1 to around 3 when the concentration of cross-linked gel increases from
20 lb/1000 gal to 50 lb/1000 gal. The increase in concentration results in a higher viscosity,



















Figure 55: Pressure history at Q = 0.1 m2/s, Dout/Din = 20 and σo = 1 MPa
Table 13: Injection pressure and the injection volume at the peak stages for the tests with
Dout/Din = 20, Q = 0.1 m


















0.1 0.5 20 0.1 30 0.1 0.5 0.55 1.11 1.05 2.10 50.2
0.3 0.5 20 0.1 30 0.3 0.5 0.84 1.65 1.34 2.68 95.3
0.5 0.5 20 0.1 30 0.5 0.5 0.94 1.88 1.44 2.88 147.4
0.1 1 20 0.1 30 0.1 1 0.58 0.58 1.58 1.58 55.7
0.3 1 20 0.1 30 0.3 1 1.09 1.09 2.09 2.09 95.0
0.5 1 20 0.1 30 0.5 1 1.39 1.39 2.39 2.39 153.1
0.1 5 20 0.1 30 0.1 5 1.35 0.27 6.35 1.27 50.2
0.3 5 20 0.1 30 0.3 5 1.74 0.35 6.74 1.35 51.1
0.5 5 20 0.1 30 0.5 5 2.10 0.42 7.10 1.42 52.9
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5.4.2 Effect of Borehole Size
Fig. 56 shows morphologies of the fluid-grain interface of 9 tests with different initial
borehole sizes, Dout/Din = 20, 10 and 5, various confining stresses, σo = 0.5, 1, and 5 MPa
and δc/r̄ = 0.3. Overall, the displacement patterns depend on both the borehole size and the
degree of confinement. At low confining stress σo = 0.5 MPa, for about the same injection
volume, the large borehole with Dout/Din = 5 still remains circular, while notch-like features
have already developed in the small borehole with Dout/Din = 20. This could be explained
by the fact that there are fewer particles around the borehole with Dout/Din = 20. Given
the same radial expansion, the average gap between particles resulted from the expansion
is inversely proportional to the number of particles and is larger in the smaller borehole
radius case. Localization and the peak injection pressure are therefore reached earlier in
the case with a smaller initial borehole. At high confining stress σo = 5 MPa, the finger-like
features have all developed in all three cases.
5.4.3 Effect of Flow rate
A series of 9 tests were performed to vary the injection rate, Q = 1, 10, and 50 m2/s, and
the confining stress, σo = 0.5, 1, 5 MPa, to investigate their influences on the displacement
patterns at δc = 0.1, as shown in Fig. 57. One or more fingers are created from the borehole
boundary. With an increasing injection rate, the number of fingers increases. Most of the
fingers are aligned radially. It is also observed that with greater injection rate side branches
and tip splitting occur at later stages, e.g. Fig. 57 (c)(f)(i). Two representative cases are
selected to further investigate the initiation and propagation processes.
Two types of fracturing processes are observed at a low or high injection rate. Fig. 58
shows the early time behaviors for the test in Fig. 57 (h) with σo = 5 MPa and Q = 10 m
2/s.
After the injection starts, a short finger is created from the borehole. As the injection
continues, the thin feature starts to widen, and the sharp tip becomes blunt and starts to
split. At the same time, a second fracture is developed from the borehole and the first one



























Dout/Din = 20 Dout/Din = 10 Dout/Din = 5
Figure 56: Morphologies of the fluid-grain interface for the tests with φb = 30
◦, Q =
0.1 m2/s and δc/r̄ = 0.3; (a) Qt = 694.5 mm
2 (b) Qt = 752.0 mm2 (c) Qt = 760.5 mm2
(d) Qt = 644.8 mm2 (e) Qt = 701.9 mm2 (f) Qt = 750.9 mm2 (g) Qt = 499.1 mm2 (h)



























Q = 1 m2/s Q = 10 m2/s Q = 50 m2/s
Figure 57: Morphologies of the fluid-grain interface for the tests with φb = 30
◦, Dout/Din =
5 and δc/r̄ = 0.1 at a post peak stage; (a) Qt = 492.5 mm
2 (b) Qt = 543.4 mm2 (c)
Qt = 907.7 mm2 (d) Qt = 205.0 mm2 (e) Qt = 486.3 mm2 (f) Qt = 852.8 mm2 (g)
Qt = 407.5 mm2 (h) Qt = 611.5 mm2 (i) Qt = 901.6 mm2 at
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(a) (b) (c)
Figure 58: Evolution of displacement patterns for test with Dout/Din = 5, δc/r̄ = 0.1,
σo = 5 MPa and Q = 10 m
2/s, showing only the near borehole region.
The early time behaviors from the test in Fig. 57 (f) with σo = 0.5 MPa and Q =
50 m2/s are shown in Fig. 59. Different from the previous case, multiple small fingers are
initiated near the borehole simultaneously after the injection starts. Some of the fingers
are able to extend outward, while the others are arrested. Further extension of the fingers
lead to a borehole with multiple more or less radial cracks of various lengths in Fig. 59 (c).
The arrest of some shorter fingers could perhaps be attributed to the compaction of the
materials resulted from the extension and widening of the neighboring fingers.
(a) (b) (c)
Figure 59: Evolution of displacement patterns for test with Dout/Din = 5, δc/r̄ = 0.1,
σo = 0.5 MPa and Q = 50 m
2/s, showing only the near borehole region.
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5.4.4 Effect of Friction Angle
Fig. 47 includes a series of 9 test carried out at various particle friction angles, φb = 15
◦, 30◦
and 45◦, and critical gap sizes, δc/r̄ = 0.1, 0.3 and 0.5. The macro-scale friction angles
are φ = 17.92◦, 25.67◦ and 30.87◦, respectively. The effect of friction with δc/r̄ = 0.1 is
not obvisous: thin fingers are formed in all three particle assemblies with different friction
angles. Comparing cases (c) and (i) in Fig. 47 at δc/r̄ = 0.5, given about the same injection
volume, the particle assembly with φb = 45
◦ has two fingers while that with φb = 15
◦
only exhibits a slightly distorted borehole. The results indicate that the borehole in a high
friction assembly is more susceptible to opening mode growth, while the borehole in low
friction assembly is more likely to expand radially.
Fig. 61 plots contours of the particle rotational velocity for the 9 numerical tests. The
magnitude of the color map represents the rotational velocity in rad/s. For the test with the
lower friction angle, the high viscosity fluid case (δc/r̄ = 0.5) results in growth of multiple
long spiral shaped shear bands emitting from the inner wall; the low viscosity fluid cases
(δc/r̄ = 0.1) produces thin fingers localized shear failure near the tip. For the tests with
the higher friction angle, finger-like features are developed, with fluids of both high and low
δc/r̄. However, the fingers in the test with high δc are wider. It can be seen that shear bands
are easier to develop in formations with lower friction angle. With greater particle friction,




















δc/r̄ = 0.1 δc/r̄ = 0.3 δc/r̄ = 0.5
Figure 60: Morphologies of the fluid-grain interface with different particle friction angle and
gap size at Dout/Din = 20 and σo = 1 MPa for: (a) Qt = 346.4 mm
2 (b) Qt = 993.9 mm2
(c) Qt = 1292.7 mm2 (d) Qt = 307.8 mm2 (e) Qt = 644.8 mm2 (f) Qt = 739.3 mm2 (g)




















δc/r̄ = 0.1 δc/r̄ = 0.3 δc/r̄ = 0.5
Figure 61: Particle rotational velocity with different friction angles and critical gap sizes at Q = 0.1 m2/s and Dout/Din = 20.
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5.4.5 Effect of Cohesion
A series of 9 tests are carried out at a constant injection rate Q = 0.1 m2/s and confining
stress σo = 1 MPa with various critical gaps sizes δc/r̄ = 0.1, 0.3, 0.5 and contact bond
strengths F̄s = F̄n = 100, 500, 1000 N. Fig. 62 shows the displacement patterns for
the 9 tests. The maximum bond strengths 1000 N corresponds to σc = 1227.5 kPa and
σt = 446.2 kPa. Based on Eq. (112), a bond strength of F̄s = F̄n = 1000 N can be translated
into a normal displacement of 0.024 mm, which is always smaller than the critical gap size,
even for the δc = 0.1r̄ case (δc ∼ 0.06 mm). In other words, based on the parameters we
select, for the particles on the interface chain, the contact bonds are expected to break
before the critical gap criterion is met.
Overall, the dispacement patterns transition from an opening mode to a shear growth
mode with the increasing δc/r̄ in the tests with all levels of cohesion. The differences in
failure morphologies between the cohesionless and the cohesive cases are not very noticeable,
even though shear failure is expected to be less favored and the medium tends to fail in
tension in cohesive materials. Given these simulation parameters, the results show that the
critical gap size is still the dominating factor in determining failure mode in our simulations
since fluid advancement is controlled by δc, not by the cohesion.
In Figs. 63-65, the tensile forces in the contact bonds are plotted at three stages through
the injection process. The color indicates the magnitude of the tensile force in each contact
bond, if it is not broken. Overall, both the number of the active tensile bonds and the
magnitude of the tensile forces in those bonds increase with the bond strength. In cases A1
and A3, only scattered tensile bonds exisit in the midium.
In cases C1 and C3, a ring of high density of active tensile bonds is present around the
expanding cavity before localized deformation occurs. In the case with δc/r̄ = 0.1, the ring
soon disappears after fingers are developed. In the case with δc/r̄ = 0.5, the ring gradually
expands and always encloses the near borehole region where the majority of the bonds are
broken.
In cases B1 and B3, the number of active bonds in tension is much less. However, the



















(g) A3 (h) B3 (i) C3
F̄n = F̄s = 100 N F̄n = F̄s = 500 N F̄n = F̄s = 1000 N
Figure 62: Morphologies of the fluid-grain interface with various critical gap sizes and
contact bond strengths at Q = 0.1 m2/s, σo=1 MPa and φb = 30
◦: (a) Qt = 290.4 mm2
(b) Qt = 206.7 mm2 (c) Qt = 149.5 mm2 (d) Qt = 507.7 mm2 (e) Qt = 557.9 mm2 (f)







































A3: δc/r̄ = 0.5 and F̄n = F̄s = 100 N
Figure 63: Evolution of tensile forces in tests A1 and A3. The color indicates magnitude






































B3: δc/r̄ = 0.5 and F̄n = F̄s = 500 N
Figure 64: Evolution of tensile forces in tests B1 and B3. The color indicates magnitude







































C3: δc/r̄ = 0.5 and F̄n = F̄s = 1000 N
Figure 65: Evolution of tensile forces in tests C1 and C3. The color indicates magnitude
of tensile forces in N.
In Figs. 66 and 67, the tensile and shear micro-cracks are plotted for the four repre-
sentative cases B1, B3, C1 and C3. Color indicates the elapsed simulation time. In the
cases with δc/r̄ = 0.1, most of the micro-cracks are formed at early stage around the initial
cavity. Once fluid is forced to open a channel, only scattered local micro-cracks are gener-
ated near the tip. The number of the shear micro-cracks significantly outweighs that of the
tensile micro-cracks. In the cases with δc/r̄ = 0.5, the transition from radial expansion to
localized deformation happens much later. The progressive growth of plastic zone generates
micro-cracks throughout the injection process. Note that in B1 and B3, a number of the
micro-cracks are formed outside of the plastic zone at early stage. This is because the initial


















Figure 66: Tensile and shear cracks occurred in tests B1 and B3. The color indicates the

















Figure 67: Tensile and shear cracks occurred in tests C1 and C3. The color indicates the
time sequence: blue cracks are earlier, red cracks are later.
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5.5 Conclusions
Fluid injection into an unconsolidated or weakly consolidated medium is modeled numeri-
cally using the DEM code PFC2D®. The injection process is modeled with the simplifica-
tion that fluid leakoff is negligible and the fluid can penetrate in between grains if the gap
size between two neighboring grains exceed a critical value δc. Such a simplification can be
made analogous to considering the effect of surface tension or viscosity.
The numerical results suggest that the critical gap size plays a critical role in determining
the failure mechanism. If the critical gap size δc is relatively small, fluid-grain displacement
has three stages: borehole expansion, initiation of localized feature and extension of finger-
like features; at large δc, borehole expansion is dominant and the localized features are
notch-like. Evidences from the trajectories of localized features as well as particle rotational
velocity suggest both opening and shear modes of initiation and growth mechanisms are
plausible. What this means is that from the point of view of theoretical modeling at the
continuum scale, a growth criterion should be able to capture both the opening and shear
modes.
The confining stress, the initial borehole size, the injection rate, the particle friction
angle of the particles and the cohesion of the particles also affect the failure modes. Wide
and tortuous fingers are obtained at high confining stresses. At low confining stress, thin and
straight fingers are obtained with a small δc, and notch-like localized features are observed at
large δc. The numerical results also indicate that large boreholes generally develop thinner
features, even with weak confinement. Conversely, small boreholes will generally exhibit
localized notch-like features, even with high confinement. With an increasing injection
rate, the fractures tend to align radially and the number of the main fractures increases.
At small injection rate, the fingers grow in an alternating manner, only one fracture is
propagating at one time; at large injection rate, multiple small fingers are initiated but
only a number of them are able to extend outward. Shear bands are easier to develop in
formations with a lower friction angle. With a higher friction angle, the resistance to the
sliding is greater, the medium tends to fail in an opening mode. With a relatively large
cohesion, shear failure is less favored and the medium tends to fail in tension.
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CHAPTER VI
THEORETICAL ANALYSIS OF THE BREAKDOWN PRESSURE
In theoretical analyses, it is typically assumed that the cavity may fail in a tensile or shear
mode, depending on whether cohesion is present or not. In the limit of a cohesionless
material, a constitutive model of Coulomb type predicts that the material must fail in
shear and failure may be manifested in the formation of spiral shaped shear bands. For a
competent rock, tensile brittle failure is expected, the formation could be modeled as an
elastic-perfectly plastic material obeying the Mohr-Coulomb yield criterion. In this chapter,
numerical results in Chapter V on the breakdown of the cavity are analyzed and compared
with those from the bifurcation analysis for the cohesionless case as well as elasto-plasticity
solutions for the cohesive case.
6.1 Bifurcation Analysis
Prior to the growth of the finger-like features or the borehole shape being severely distorted,
the numerical simulation is effectively modeling cavity expansion of a thick-walled cylin-
der, where the relationship between the borehole pressure and the volume is amenable to
bifurcation analysis. In general, bifurcation or incipient shear banding could occur if the
Jacobian matrix for the velocities loses positive definiteness, allowing jumps in velocities to
occur.
The formulation in Alsiny et al. [2] is adopted here to analyze the pressure versus
volume relationship and the critical pressure corresponding to the onset of bifurcation.
Their theoretical model assumes progressive failure where a shear band initiates from the
inner cavity wall and progresses into the interior of the domain as the borehole size increases.
In this analysis, the cylindrical domain is first discretized into a total of 100 adjacent rings
(Fig. 68) with the thickness of the rings following a geometric sequence with a factor
GF = 1.05. Local bifurcation analysis for each ring is conducted, assuming each ring is in
a uniform axisymmetric stress and strain state. Stresses and displacements are continuous
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Figure 68: The thick-walled hollow cylinder is discretized into N rings.
at the interfaces between two adjacent rings.
In this formulation, the material is purely frictional and the load acting on the sample
is only mechanical. The response of the cylindrical sample is modeled by the incremental
elastoplastic constitutive equations proposed by Vardoulakis [99]. The constitutive equa-
tions include an incrementally linear Hooke’s law, a linear Mohr-Coulomb yield condition,
and a non-associative flow rule. The yield condition f and the potential function g can be
written as,
f = τ/s− µ (e0, γp) (119)
g = τ/s− β (e0, γp) (120)
where τ is the shear stress intensity; s is the mean stress; γp is the plastic shear strain inten-
sity; and e0 is the initial void ratio. The expressions for τ , s, and γ are τ = |σrr − σθθ| /2,
s = |σrr + σθθ| /2, and γ = |εrr − εθθ|, respectively. In the yield condition and the potential
function, µ and β are the friction and dilatancy function, respectively. Hardening-softening
functions of µ and β are employed.
6.1.1 Effect of Critical Gap Size
The analysis is first performed to compare with tests 0.1 1 10 0.1 30, 0.3 1 10 0.1 30 and
0.5 1 10 0.1 30 where δc/r̄ = 0.1, 0.3, 0.5, σo = 1 MPa, Dout/Din = 10, Q = 0.1 m
2/s and
φb = 30
◦. Elastic modulus E, the functions µ and β are evaluated from the material tests
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conducted in Chapter V. The biaxial compression test with σo = 1 MPa, φb = 30
◦ and
F̄n = F̄s = 0 N gives an elastic modulus E = 39.2 MPa. The Poisson’s ratio is taken as
ν = 0.17, which gives G = 16.8 MPa. The bifurcation condition for incipient shear banding


























Regression of the hardening part of the numerical simulation data yields coefficients C1−C3:
C1 = 0.496, C2 = −26.723 and C3 = 0.911. The peak shear strain γppeak = 0.0734 and
C4 = µmax = 0.454. Since we focus mostly on the onset of bifurcation, the coefficient C5,
which characterizes the softening part, is set to be C5 = 3.5, the same as that from the
experimental results by Alsiny et al. [2], see Fig. 69.
Function β can be obtained by differentiating the relationship between the volumetric




1 + C7 (γp)
2 + C8 ln (1 + C9γ
p) (123)
where C6 = 0.576, C7 = 1, C8 = 1.7× 10−3, and C9 = 390.194, see Fig. 70.
Theoretical prediction of the borehole pressure as a function of the expansion volume
is shown in Fig. 71. Onset of bifurcation, or initiation of a shear band, at the inner wall
occurs at ∆R = 2 mm, Qt = 115 mm2 and P = 2.0 MPa. Afterwards, the borehole pressure
continues to increase and reaches a peak around ∆A = 600 mm2, which corresponds to a
borehole radius increment of ∆R = 8 mm. The shear band reaches the outer boundary in
the post peak stage as indicated by the open dot in Fig. 71.
Fig. 72 shows the borehole pressure histories of tests 0.1 1 10 0.1 30, 0.3 1 10 0.1 30 and
0.5 1 10 0.1 30. The pressure histories from the numerical simulations all exhibit an early













Figure 69: Material function µ as a function of the plastic shear strain from the numerical
biaxial compression test (grey line) and the fitting function (black line) for the cohesionless












Figure 70: Plastic volumetric strain as a function of the shear plastic strain from the
numerical biaxial compression test (grey line) and the fitting function (black line) for the
















BI: inner most ring reaches bifurcation
BO: outer most ring reaches bifurcation
Figure 71: Internal pressure as a function of borehole area change is predicted by the
bifurcation analysis. The solid circle and hollow circle mark the pressure when the innermost
and outermost rings reach the bifurcation condition, respectively.
in this first stage in fact can be very well described by the theoretical prediction. The first
stage ends earlier if the critical gap size is smaller. During the second stage, the pressure
remains nearly constant or declines slightly within the observation, corresponding to the
extension of the finger-like features or further expansion and distortion of the borehole.
The most interesting part of the comparison is perhaps the excellent agreement between
the pressure for the onset of bifurcation and the peak pressure at δc/r̄ = 0.5 , despite one
being a DEM simulation at a given fluid injection rate and the other being an elasto-plastic
solution where the pressurization rate is not taken into account.
Figs. 73 and 74 show the distribution of the radial and circumferential stresses for
the δc/r̄ = 0.5 case (test 0.5 1 10 0.1 30) at t = 1.5 × 10−3 s, around the time when the
borehole pressure of the numerical test first reaches the predicted bifurcation pressure of
P = 2 MPa. All the stresses are in compressive. The local variation of the stress field
indicates the existence of force chains, as a result of the random nature of the micro-
structure. As expected, the radial forces near the cavity are higher than those at the far
field, while the circumferential forces are lower.
118
Qt (mm2)
















Figure 72: History of the injection pressure for tests with δc/r̄ = 0.1, 0.3 and 0.5 are
compared with part of the internal pressure curve.
Figure 73: Radial stress of test 0.5 1 10 0.1 30 at t = 1.5× 10−3 s. The color bar indicates
the magnitude of the stresses (MPa).
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Figure 74: Circumferential stress of test 0.5 1 10 0.1 30 at t = 1.5× 10−3 s. The color bar
indicates the magnitude of the stresses (MPa).
In Fig. 75, variations of the theoretical radial and circumferential stresses as a function
of the scaled radius, r/a, with a being the borehole radius, at onset of shear banding
are predicted by the bifurcation analysis, and plotted in smooth lines. The radial and
circumferential stresses in the numerical test are averaged in the circumferential direction
and plotted as a function of radius in dotted lines. Overall, the radial stress field obtained
in the numerical test agrees with the theoretical analysis despite some local variations.
However, the theoretical circumferential stress is higher than that in the numerical test.
6.1.2 Effect of Friction Angle
In this section, the bifurcation analysis is performed for three tests with various particle
friction angles, and the theoretical results are compared with the numerical results. The
numerical tests to be compared with in this section are tests 0.5 1 20 0.1 15, 0.5 1 20 0.1 30,
and 0.5 1 20 0.1 45 with φb = 15
◦, 30◦, 45◦, δc/r̄ = 0.5, σo = 1 MPa, Dout/Din = 20 and
Q = 0.1 m2/s. Elastic modulus E, and coefficients in the functions µ and β are evaluated
from the biaxial compression tests conducted in Chapter V. The friction and dilatancy
functions µ and β are plotted in Figs. 76 and 77.
The parameters in the friction and dilatancy functions are summarized in Table 14.
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Figure 75: Predicted radial and circumferential stresses by bifurcation analysis when the
innermost ring reaches the bifurcation condition.
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Figure 76: Material function µ as a function of the plastic shear strain from the numerical
biaxial compression tests (grey line) and the fitting function (black line) for the cohesionless
medium with σo = 1 MPa, φb = 15


















Figure 77: Plastic volumetric strain as a function of the shear plastic strain from the
numerical biaxial compression tests (grey line) and the fitting function (black line) for the
cohesionless medium with σo = 1 MPa, φb = 15
◦, 30◦, and 45◦.
Table 14: Material constants and fitted parameters for the material functions in the bifur-
cation analysis for tests with various particle friction angles φb = 15
◦, 30◦ and 45◦.
C1 C2 C3 C4 C5 C6 C7 C8 C9 E (MPa)
φb = 15
◦ 0.332 -27.456 0.883 0.317 3.5 0.310 1 0.0024 398.194 30.3
φb = 30
◦ 0.496 -26.723 0.911 0.454 3.5 0.582 1 0.0016 400.356 39.2
φb = 45
◦ 0.622 -22.441 0.921 0.547 3.5 0.701 1 0.001 512.15 41.6
Poisson’s ratio ν is taken as 0.17.
Fig. 78 shows the variations of the internal pressure as a function of borehole area
for the three cases with various friction angles. The internal pressures for the three tests
reach the peak at about the same expansion volume. The symbols in Fig. 78 mark the
onset of shear banding for the innermost and outermost rings. It can be seen that local
bifurcation occurs first for the material with a lower particle friction. The internal pressure
corresponding to onset of bifurcation is 1.70 MPa for φb = 15
◦ , 2.04 MPa for φb = 30
◦ and
2.27 MPa for φb = 45
◦.
Pressure histories from the three numerical simulation cases, Tests 0.5 1 20 0.1 15,
0.5 1 20 0.1 30, and 0.5 1 20 0.1 45 with φb = 15
◦, 30◦, 45◦, δc/r̄ = 0.5, σo = 1 MPa,
Dout/Din = 20 and Q = 0.1 m
























Figure 78: Internal pressure as a function of borehole area change is predicted by the
bifurcation analysis. The filled and hollow markers indicate the pressure when the innermost
and outermost rings reach bifurcation condition, respectively.
Only the histories of the δc/r̄ = 0.5 cases are plotted in Fig 79 since Fig. 72 suggests a
good agreement between the predicted pressure for onset of bifurcation and the peak in-
jection pressure for the δc/r̄ = 0.5 case. Overall, the breakdown pressures in the numerical
tests are slightly higher than the theoretical predictions for this series of tests. Comparing
the two cases with the same friction angle, φb = 30
◦, but different initial borehole radius,
Dout/Din = 10 in Fig. 72 and Dout/Din = 20 in Fig. 79, the results suggest that the
bifurcation analysis yields a more precise prediction for the case with a larger borehole. A
possible explanation for the discrepancy could be that a smaller borehole has fewer particles
on the interface chain, which makes the chain less prone to distortion and eventually leads
to a breakdown pressure higher than predicted. For Dout/Din = 20, the number of particles
on the initial borehole perimeter is about 21, while for Dout/Din = 10, that number is about
42.
As internal pressure increases, the shear band starts to form from a given point at the
inner boundary and progresses toward the outer boundary. Based on Alsiny et al.’s solution
[2], The inclination angle of the shear band with respect to the direction of the algebraically
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Figure 79: History of the injection pressure for tests with φb = 15
◦, 30◦, and 45◦ are
compared with part of the internal pressure curve.
greater principal stress can be calculated from,
ΩB = ± [45◦ + (φ∗ + ψ∗) /4] (124)
where φ∗ is mobilized friction angle and ψ∗ mobilized dilatancy angle.
Angle ΩB is calculated at the peak internal cavity pressure for the rings that have
reached the bifurcation condition along the radius. The trajectory of the shear band is drawn
starting from the inner boundary, as shown in Fig. 80. The shear band trajectories for the
three representative cases with different particle friction angles, φb = 15
◦, 30◦, and 45◦, are
all in spiraling shape, but exhibits a significant difference in the “tightness”, namely, the
medium with a greater friction angle results in a more tightly shaped shear band.
Contours of the particle rotational velocity for the three corresponding numerical tests
are shown in Fig. 81. Although the shear bands in Fig. 80 predicted from bifurcation
analysis correspond to the peak cavity pressure, while contour plots from the numerical
tests are obtained at peak injection pressure, which is comparable to the pressure for onset
of bifurcation, we can still find that the numerical shear bands resemble the relative tightness
in the theoretical ones. In Fig. 81 (a), long shear bands are able to extend outward further
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Figure 80: Predicted trajectory of shear band at peak internal pressure. Black circles are
the outer and inner boundaries of the thick-walled cylinder.
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from the inner boundary. In Figs. Fig. 81 (b) and (c), the shear failure is limited within
a smaller region near the borehole, as would be expected from the predicted inclination
angles of the shear bands for the higher friction angles.
6.2 Analysis of the Tensile Failure
When a thick-walled cylinder is internally pressurized, the circumferential stress changes
from compressive to tensile. The fracture is assumed to initiate when the maximum ten-
sile stress, σtmax, in the domain exceeds the tensile strength of the material, σt, namely,
σtmax ≥ σt. Theoretical prediction based on the Lamé’s solutin for a thick-walled cylinder
is compared with the pressure histories from the numerical tests.
Consider a hollow cylinder of an outer radius, b0, and an inner radius, a0, subjected
to uniformly distributed internal and external pressures pa and pb. According to Lamé’s







































Positive sign denotes tensile. Tensile failure is expected to first occur at the cavity wall,
since the circumferential stress is most tensile at the inner boundary, r = a0. The maximum



















































Figure 81: Contours of the particle rotational velocity with (a) φb = 15
◦, (b) φb = 30
◦, and
(c) φb = 45
◦, showing only the near-borehole region, around the peak pressure stage, value
of the color map indicates magnitude of rotational velocity in rad/s.
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Figure 82: History of the injection pressure for tests with φb = 15
◦, 30◦, and 45◦ are
compared with the maximum internal pressure (grey line).
when b0  a0, pa,max = 2σ0.
Maximum internal pressure pa,max is calculated to be compared with tests 0.1 1 10 0.1 30 c1000,
0.3 1 10 0.1 30 c1000 and 0.5 1 10 0.1 30 c1000 with δc/r̄ = 0.1, 0.3, 0.5, σc = 1 MPa,
Dout/Din = 10, Q = 0.1 m
2/s, φb = 30
◦ and F̄n = F̄s = 1000 N. Fig. 82 shows the borehole
pressure history of the three tests. The tensile strength of the medium, σt = 446.2 kPa, for
σo = 1 MPa and F̄n = F̄s = 1000 N is obtained from the direct tension test. The outer and
inner radii are a0 = 8 mm, and b0 = 80 mm, respectively. The maximum internal pressure is
calculated according to Eq.128, pa,max = 2.42 MPa, which is plotted as a straight grey line
in Fig. 82. In test 0.3 1 10 0.1 30 c1000 with δc/r̄ = 0.3, the predicted maximum internal
pressure is consistent with the peak borehole pressure, while the peak borehole pressure for
test 0.5 1 10 0.1 30 c1000 with δc/r̄ = 0.5 is slightly higher than the predicted pressure.
Distribution of the radial and circumferential stresses for 0.3 1 10 0.1 30 c1000 at t =
7.5× 10−4 s, around the time when the borehole pressure reaches the predicted maximum
internal pressure, pa,max = 2.42 MPa, is shown in Figs. 83 and 84. Similarly, the radial
stress is compressive everywhere in the domain. However,the circumferential stress has
some local tensile variations near the borehole vicinity.
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Figure 83: Radial stress of test 0.3 1 10 0.1 30 c1000 at t = 7.5 × 10−4 s. The color bar
indicates the magnitude of the stresses (MPa).
Figure 84: Circumferential stress of test 0.3 1 10 0.1 30 c1000 at t = 7.5 × 10−4 s. The
color bar indicates the magnitude of the stresses (MPa).
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Figure 85: Averaged radial and circumferential stresses (dotted lines) are compared with
predicted radial and circumferential stresses given by Lamé’s solution (smooth lines) when
σt,max = σt.
Fig. 85, the theoretical radial and circumferential stresses along the scaled radius of the
hollow cylinder when subjected to an external pressure of 1 MPa and a cavity pressure of 2.42
MPa are plotted in solid lines according to Lamé’s solution. The radial and circumferential
stresses in the numerical test are averaged in the circumferential direction and plotted as
a function of radius in dotted lines. The numerical solution for δc/r̄ = 0.3 case shows
good agreement with the the theoretical prediction. However, the averaged circumferential
stress is in compression near the borehole vicinity, while the theoretical circumferential
stress is tensile for r/a < 1.24. Though negative values are observed in the contour plot in
Fig 85, the local features of the tensile stress disappear after taking the average along the
circumferential direction.
6.3 Analysis with Elastic-Perfectly Plastic Solution
In this section, we estimate the relationship between the injection pressure P and the
injection volume using the expansion of thick-walled cylinder model proposed by Yu [105].
In the analysis, the soil is modeled as an elastic-perfectly plastic material obeying the
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Table 15: Properties of the medium and geometric parameters in the elastic-perfectly
plastic solution.
F̄n, F̄s (N) E (MPa) φ (
◦) c (kPa) b0/a0 σo (MPa) ν
0 39.2 25.67 0 10 1 0.17
100 39.2 25.87 0 10 1 0.17
500 40.2 26.49 144.6 10 1 0.17
1000 41.8 31.08 243.8 10 1 0.17
Mohr-Coulomb yield criterion. The analysis provides a closed-form solution to determine
the elastic-plastic deformation and stresses when a thick-walled cylinder is subjected to a
constant confining stress and an increasing internal pressure. The effect of large strain in
the plastic zone is accounted for by the logarithmic strain, instead of using the definition
for strains in the small strain analysis. The large strain analysis takes into account the
effect of geometry changes and therefore able to predict the softening behavior in the cavity
pressure-cavity volume relation.
The theoretical analysis is performed with the parameters in tests 0.5 1 10 0.1 30,
0.5 1 10 0.1 30 c100, 0.5 1 10 0.1 30 c500 and 0.5 1 10 0.1 30 c1000 with F̄n = F̄s = 0, 100,
500 and 1000 N, δc/r̄ = 0.5, σo = 1 MPa, Dout/Din = 10, Q = 0.1 m
2/s and φb = 30
◦.
The properties of the medium, loading conditions, and the geometrical parameters for the
analysis are the same as those in the DEM numerical tests, which are summarized in Table
15.
Fig. 86 shows the variation of the internal pressure as a function of the cavity area
change for the parameters in Table 15. The curves show that the peak injection stress
increases with strengthened bonds. For the case with F̄n = F̄s = 1000 N, the curve starts to
show softening behavior at a normalized radius of a/R0 = 1.62 and a corresponding radial
displacement of 4.96 mm.
Pressure histories from the three numerical simulation cases, 0.1 1 10 0.1 30 c1000,
0.3 1 10 0.1 30 c1000, and 0.5 1 10 0.1 30 c1000 with δc/r̄ = 0.1, 0.3, 0.5, σo = 1 MPa,
Dout/Din = 10, Q = 0.1 m
2/s, φb = 30
◦ and F̄n = F̄s = 1000 N are compared with the the-
oretical prediction in Fig. 86. The numerical pressure histories reach the peaks and deviate
from the theoretical prediction, at 2.98 MPa for δc/r̄ = 0.5, 2.38 MPa for δc/r̄ = 0.3, and
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F̄n = F̄s = 0 N
F̄n = F̄s = 100 N
F̄n = F̄s = 500 N
F̄n = F̄s = 1000 N
Figure 86: Internal pressure as a function of borehole area change is predicted by the
elastic-perfectly plastic solution.
1.71 MPa for δc/r̄ = 0.1, respectively, before the theoretical peak arrives. With increasing
δc/r̄, or fluid viscosity, the peak injection pressure gradually approaches the theoretical peak
as expected. A possible explanation is that as the critical gap size increases, the amount
the localized deformation is limited, the pressurized borehole deforms more like a expanding
circular cavity.
In Fig. 88, the theoretical radial and circumferential stresses along the radius of the
hollow cylinder when subjected to an external pressure of 1 MPa and a cavity pressure of
2.98 MPa are plotted in solid lines according to the elastic-perfectly plastic solution. The
averaged stresses in the numerical test 0.5 1 10 0.1 30 c1000 when the borehole pressure is
about 3 MPa are plotted in dotted lines. The red lines mark the positions of the boundaries
between the borehole, the plastic zone and the elastic zone. By taking into account the
plastic zone, the thick-walled cylinder solution shows better agreement with the stress field
in the numerical test, especially for the circumferential stress in the near-borehole vicinity.
The breakdown pressures of a series of 12 tests with δc/r̄ = 0.1, 0.3, 0.5, σo = 1 MPa,
Dout/Din = 10, Q = 0.1 m
2/s, φb = 30
◦ and F̄n = F̄s = 0, 100, 500, 1000 N are plotted in
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Figure 87: History of the injection pressure for tests with δc/r̄ = 0.1, 0.3, 0.5, F̄n = F̄s =
1000 N are compared with part of the internal pressure curve predicted by the elastic-
perfectly plastic solution.
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Figure 88: Averaged radial and circumferential stresses (dotted lines) are compared with
predicted radial and circumferential stresses given by the elastic-perfectly plastic solution
(smooth lines).
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Figure 89: Summary of theoretical analysis and numerical results. The numerical tests
are performed with δc/r̄ = 0.1, 0.3, 0.5, σo = 1 MPa, Dout/Din = 10, Q = 0.1 m
2/s,
φb = 30
◦ and F̄n = F̄s = 0, 100, 500, 1000 N. The theoretical analysis is obtained with
corresponding parameters.
Fig 89, along with the theoretical predictions: the cavity pressure for onset of bifurcation,
the cavity pressure for the tensile failure to occur and the predicted peak cavity pressure
from the elastic-perfectly plastic solution. Fig. 89 summarizes the overall accuracy of
the three theoretical prediction methods for various bond strengths of the medium and
various δc/r̄ of the fluid. The bifurcation analysis is assumed to be for purely frictional
material, therefore it is denoted as only one marker at F̄n = F̄s = 0 N in Fig. 89. For
the cohesionless medium, both the tensile prediction and the bifurcation analysis show an
excellent agreement with the numerical test with δc/r̄ = 0.5 and F̄n = F̄s = 0 N. As the
contact bond strength increases, the medium transitions from a cohesionless material to a
cohesive material. The numerical breakdown pressures for the δc/r̄ = 0.5 cases increase
above the tensile failure prediction and fall within the range between the tensile failure
solution and the elastic-perfectly plastic solution. It is also noted that as δc/r̄ increases,
the breakdown pressure gradually approaches the elastic-perfectly plastic solution.
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Table 16: Results of the maximum injection pressure at Q = 0.1 m2/s and φb = 30
◦.
Test Name δc/r̄ σo (MPa) Dout/Din Pmax (MPa) Pmax/σo ∆Pmax/σo
0.1 0.5 20 0.1 30 0.1 0.5 20 1.05 2.11 1.11
0.3 0.5 20 0.1 30 0.3 0.5 20 1.33 2.65 1.65
0.5 0.5 20 0.1 30 0.5 0.5 20 1.44 2.88 1.88
0.1 1 20 0.1 30 0.1 1 20 1.58 1.58 0.58
0.3 1 20 0.1 30 0.3 1 20 2.09 2.09 1.09
0.5 1 20 0.1 30 0.5 1 20 2.39 2.39 1.39
0.1 5 20 0.1 30 0.1 5 20 6.35 1.27 0.27
0.3 5 20 0.1 30 0.3 5 20 6.74 1.35 0.35
0.5 5 20 0.1 30 0.5 5 20 7.10 1.42 0.42
0.3 0.5 10 0.1 30 0.3 0.5 10 1.15 2.29 1.29
0.3 1 10 0.1 30 0.3 1 10 1.78 1.78 0.78
0.3 5 10 0.1 30 0.3 5 10 6.47 1.29 0.29
0.3 0.5 5 0.1 30 0.3 0.5 5 0.98 1.96 0.96
0.3 1 5 0.1 30 0.3 1 5 1.87 1.87 0.87
0.3 5 5 0.1 30 0.3 5 5 5.98 1.20 0.20
6.4 Parametric Analysis of the Breakdown Pressure
To further explore the factors affecting the breakdown pressure, the pressure information
of the 15 tests with Q = 0.1 m2/s and φb = 30
◦ is complied in Table 16. The pressure
ratio ∆Pmax/σo, is defined as the ratio of maximum net injection pressure ∆Pmax and
confining stress σo. The lowest ratio, Pmax/σo = 1.2, is obtained in test 0.3 5 5 0.1 30 with
δc/r̄ = 0.3, σo = 5 MPa and Dout/Din = 5. The highest ratio, pmax/σo = 2.88, is obtained
in test 0.5 0.5 20 0.1 30 with δc/r̄ = 0.5, σo = 0.5 MPa and Dout/Din = 20. The effects of
the critical gap size, the confining stress, and the initial borehole size upon the breakdown
pressure are analyzed.
Variations of the pressure ratio, ∆Pmax/σo, with the critical gap size, are shown in Fig.
90. In general, the pressure ratio increases with the critical gap size. If δc/r̄ is greater, the
surface tension, or the fluid viscosity, is larger, the fluid needs to overcome a higher pressure
gradient to penetrate through. In Fig. 90, we can see similar trend for the numerical tests
under different confining stresses.
Fig. 91 illustrates an increasing trend of pressure ratio with initial borehole size. Overall,
a small initial borehole leads to a higher peak injection pressure, which is consistent with the
theoretical solutions. The small pressure ratio corresponds to early occurrence of localized
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Figure 90: Variations of ratio between the maximum net injection pressure and the confin-
ing stress, ∆Pmax/σo, with critical gap size δc/r̄ for tests at Q = 0.1 m
2/s and φb = 30
◦
deformation. The results in Fig. 91 suggests that the tests with larger initial boreholes
tend to develop finger-like local features. This trend is also reflected by the displacement
patterns in Section 5.3.2.
Variations of the pressure ratio, ∆Pmax/σo, and the peak net injection pressure, ∆Pmax,
with the confining stress, are shown in Figs. 92 and 93, respectively. Even though the actual
breakdown pressure increases with confining stress σo, the pressure ratio is lower if σo is
greater. According to Bohloli and de Pater [10], the confining stress is the dominating factor
of the fracturing pressure.
6.5 Conclusion
Theoretical analyses are performed to predict the breakdown pressures in the numerical
tests for both the cohesionless and cohesive media. For the cohesionless material, bifur-
cation analysis is performed to model the progressive failure where a shear band initiates
from the inner cavity wall and progresses into the interior of the domain as the borehole
increases. Theoretical prediction on the borehole pressure versus expansion volume rela-
tionship agrees well with the pressure histories from the borehole expansion stage of the
numerical simulations. The pressure corresponding to the onset of bifurcation from the
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Figure 91: Variations of ratio between the maximum net injection pressure and the confin-
ing stress, ∆Pmax/σo, with the ration of initial diameter and initial borehole size Dout/Din
for tests at Q = 0.1 m2/s and φb = 30
◦
σo (MPa)




























Figure 92: Variations of ratio between the maximum net injection pressure and the confin-
ing stress, ∆Pmax/σo, with confining stress σo for tests at Q = 0.1 m


































Figure 93: Variations of the maximum net injection pressure, ∆Pmax, with confining stress
σo for tests at Q = 0.1 m
2/s and φb = 30
◦
inner wall is in fact in an excellent agreement with the peak pressure from the simulation
case with δc/r̄ = 0.5 and b0/a0 = 10.
For both cohesionless and cohesive materials, the critical cavity pressure is calculated
when the tensile failure first occurs based on the elastic stress field and the tensile strength
of the material. The cavity pressure corresponding to the occurrence of tensile failure is
consistent with the peak pressure in the cohesionless case with δc/r̄ = 0.5, but it is lower
than the peak pressure in the cohesive case with δc/r̄ = 0.5.
For the cohesive material, the medium is also modeled as an elastic-perfectly plastic
material obeying the Mohr-Coulomb yield criterion. The peak pressure from the simulation
case with δc/r̄ = 0.5 falls within the range of tensile failure solution and the elastic-perfectly
plastic solution. It is also noted that as δc increases, the breakdown pressure gradually
approaches the elastic-perfectly plastic solution.
Parametric study is performed to analyze the effects of the critical gap size, the borehole
size, and the confining stress upon the ratio of breakdown pressure ∆Pmax and confining
stress σo. Overall, a greater δc, a smaller initial borehole and a lower confining stress lead
to a greater ratio ∆Pmax/σo.
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CHAPTER VII
DEM MODELING OF FLUID INJECTION INTO AN
UNCONSOLIDATED MEDIUM SUBJECTED TO ANISOTROPIC
STRESS
7.1 Introduction
Fluid injection into a cohesionless formation under both isotropic and anisotropic stress
fields is studied using DEM modeling in PFC2D®. The numerical methodology proposed
in Chapter V is used to model the injection process. We focus here only on the case when
the fluid leakoff is negligible and the matrix is dry or in a drained condition. We attempt
to explore the complex morphology of the fractures in cohesionless materials. Effects of the
stress anisotropy on the fracture trajectory are investigated. In addition, the progressive
propagation of fracture tip as well as the evolution of fracture width and length is analyzed.
The numerical analysis is carried out in three types of two-dimensional DEM domains:
a rectangular assembly with a center hole, a center or side slot. The outer boundary is
implemented by two fixed walls at the bottom and left sides as well as two servo-controlled
walls at the top and right sides. All the walls are frictionless, and their stiffness is set
to be the same as that of the particles.. The biaxial assembly is used to investigate the
mechanisms of fracture propagation under both isotropic and anisotropic stress conditions.
The micro-scale parameters specified for the particle assembly and the interface chain are
summarized in Table 17.
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Table 17: Micro-scale properties of the cohesionless particle assembly.
Grains
density ρ = 2650 kg/m3
particle radius 0.5− 0.7
friction φb = 30
◦
contact stiffness kn = ks = 0.417× 108 N/m
bond strength F̄n = F̄s = 0 N
Interface chain
contact stiffness knc = ksc = 0.417× 107 N/m
critical gap δc/r̄ = 0.1
7.2 A Rectangular Sample with a Center Hole
Fluid injection from a circular borehole into a cohesionless rectangular domain is modeled
here. The domain is subjected to horizontal and vertical confining stresses as shown in Fig.
94. The width and the height of the assembly are W = H = 200 mm. The hole has a
diameter Din = 15 mm. The assembly consists of about 30,600 particles with radii ranging




Figure 94: Schematic of biaxial setup with a center hole.
The displacement patterns from the series of injection tests into a center hole with
various confining stresses are shown in Fig. 95. The ratio between horizontal stress σxx
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and vertical stress σyy is defined as stress ratio λ to quantify the stress anisotropy, namely,
λ = σxx/σyy. In Fig. 95, the horizontal stress is maintained constant σxx = 1 MPa, and
the vertical stress is varied, σyy = 1, 1.25, 1.5 MPa , which gives a varying stress ratio
λ = 1, 0.8, and 0.67. As a result, the borehole breakdown pressures are 2.68 MPa, 3.21
MPa and 3.37 MPa, respectively, in tests A1, A2 and A3. In the test with an isotropic
confining stress, three main fractures are developed, as shown in Fig. 95 (a), while in the
tests with an isotropic stress field, only one fracture is able to extend outward, as shown in
Fig. 95 (b)(c).
A1 A2 A3
Figure 95: Morphology of the fluid-grain interface initiated from a center hole under differ-
ent stress anisotropy: A1, σxx = 1 MPa, σyy = 1 MPa; A2, σxx = 1 MPa, σyy = 1.25 MPa;
A3, σxx = 1 MPa, σyy = 1.5 MPa.
For the isotropic case, the three fractures initiated from the borehole boundary are
almost equally spaced on the circumference. The initiation is likely governed by the weakest
contacts on the borehole perimeter. After the fractures are initiated, the propagation is
mainly in the radial direction. Based on the elastic solution, the circumferential stress
should be the least compressive at the upper and lower ends of the borehole, given the far
field stress σyy > σxx. It is noted that with a greater stress anisotropy in test A3, the
initiation location is closer to the theoretical prediction than that in A2. The initiation is
likely affected by both the far field stress as well as local variation in the contact forces
due to the random nature of the particle assembly. If the effect of the stress anisotropy
overweights that of the local effect, the initiation location of the fracture is then governed





Figure 96: Schematic of biaxial setup with a center slot.
major principal direction after initiated.
7.3 A Rectangular Sample with a Center Slot
Fluid injection from a slot-shaped defect into a cohesionless biaxial domain is modeled in
this section. The rectangular domain is subjected to the horizontal and vertical confining
stresses as shown in Fig. 96. Orientation angle of the slot is θ with respect to the horizontal
direction, θ is taken as 0◦ or 45◦. The assembly consists of about 31,000 particles. The width
and the height of the assembly are W = H = 200 mm. The slot has a width w = 40 mm
and a height of h = 4.8 mm (W/w = 5 and h/r̄ = 8).
To investigate the influence of the stress anisotropy on the fracture path, a series of
10 numerical tests are performed at a constant injection rate Q = 0.1 m2/s with various
confining stress and slot orientation. Both σxx and σyy are varied among 1 MPa, 1.25 MPa
and 1.5 MPa, which produce a varying stress ratio λ = 1.5, 1.25, 1, 0.8, and 0.67.
7.3.1 θ = 0◦
Fig. 97 shows the morphologies of the fluid-grain interface for the 5 tests with a horizontal
center slot. Red block indicate initial slot positions. Magnified views are presented in Fig.




Figure 97: Morphology of the fluid-grain interface with a horizontal slot under different stress anisotropy: B1, σxx = 1.5 MPa, σyy =
1 MPa; B2, σxx = 1.25 MPa, σyy = 1 MPa; B3, σxx = 1 MPa, σyy = 1 MPa; B4, σxx = 1 MPa, σyy = 1.25 MPa; B5, σxx = 1 MPa, σyy =
1.5 MPa.
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Fig. 97 shows that the direction of fracture path is strongly affected by stress anisotropy.
In test B1-B3, the fracture starts at an angle with respect to the slot plane and then
propagates in a zig-zag pattern, though overall the fracture path is more or less oriented
to the principal direction. With a stress contrast of λ = 1.5 (Test B1), zig-zag is the most
obvious, but the amplitude of oscillation gradually decreases as the fracture grows longer.
Such a zig-zag propagation pattern can be considered as an indication of shear deformation
in the host medium. For tests B4 and B5, the slot plane is paralle to the minor principal
stress in the far-field. The fractures do not extend along the slot plane. Instead, two
branches immediately develops and propagates along the vertical direction, indicating the
path could be rather well defined when the initial flaw is parallel to the minor principal
stress direction.
Fig. 98 shows the magnified views of one branch of the fracture in each test. Boundaries
of the fractures formed under greater stress contrast are relatively smooth while those formed
under smaller stress contrast have more side branches and irregularities. It is also noted
that in the three cases with λ ≥ 1 (B1-B3), the initial fracture orientation is at about
π/4− φ/2 with respect to the horizontal direction. For stress contrast λ < 1 (B4 and B5),
the initial fracture orientation is at a greater angle of about π/4 + φ/2, suggesting that the
onset of the fracture growth is related to shear failure. Notice that in these tests, while
the slot width increases in Tests B1-B3 as the fractures extend, the width actually becomes
smaller than the initial value in Test B4-B5. This could be explained by the fact that the
propagation fracture is within the range of σ3 < P < σ1. The pressure the slot faces is
smaller than σ1 in Tests B4-B5.
7.3.2 θ = 45◦
Fig. 99 shows the morphologies of the fluid-grain interface for the 5 tests with a center slot
inclined at an angle of 45◦. The initial slot positions are marked in red. Magnified views







Figure 98: Magnified views of the morphology of the fluid-grain interface with a horizontal
slot under different stress anisotropy: B1, σxx = 1.5 MPa, σyy = 1 MPa; B2, σxx =
1.25 MPa, σyy = 1 MPa; B3, σxx = 1 MPa, σyy = 1 MPa; B4, σxx = 1 MPa, σyy =




Figure 99: Morphology of the fluid-grain interface with a center slot inclined at 45◦ under different stress anisotropy: C1, σxx =
1.5 MPa, σyy = 1 MPa; C2, σxx = 1.25 MPa, σyy = 1 MPa; C3, σxx = 1 MPa, σyy = 1 MPa; C4, σxx = 1 MPa, σyy = 1.25 MPa; C5,
σxx = 1 MPa, σyy = 1.5 MPa.
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Table 18: Pressure information of the anisotropic tests with a center slot; the stress unit
is in MPa.
Test σxx σyy λ σm pini pini/σm ∆pini ∆pini/σm
B1 1.5 1 1.5 1.25 2.44 1.95 1.44 1.15
B2 1.25 1 1.25 1.125 2.50 2.22 1.50 1.33
B3 1 1 1 1 2.35 2.35 1.35 1.35
B4 1 1.25 0.8 1.125 3.09 2.75 2.09 1.86
B5 1 1.5 0.67 1.25 3.57 2.86 2.57 2.06
C1 1.5 1 1.5 1.25 3.07 2.46 2.07 1.66
C2 1.25 1 1.25 1.125 2.63 2.34 1.63 1.45
C3 1 1 1 1 2.61 2.61 1.61 1.61
C4 1 1.25 0.8 1.125 2.79 2.48 1.79 1.59
C5 1 1.5 0.67 1.25 2.98 2.38 1.98 1.58
Fig. 100 shows the magnified views of one branch of the fracture in each test for the cases
with the center slot orientated at 45◦. Similar to the cases with θ = 0◦, after the fractures
are initiated, they start to align themselves with the direction of the major principal stress.
However, the tortuosity of the fracture path seems to be dependent of the stress anisotropy.
Tortuosity of the fracture path will be analyzed quantitatively for the configuration with a
side slot in Section 7.4.
7.3.3 Breakdown Pressure
The ratio of the breakdown pressure and the mean confining stress are summarized for both
test series B and C in Table 18. In test series B, the ratio is the lowest for test B1 with the
initial slot aligned with the major principal direction and is the highest for test B5 with
the initial slot perpendicular to the the major principal direction. It is noted that when
the fracture needs least effort to be oriented to the major principal direction, the pressure
required to initiate the fracture is also minimized. In test series C, the fracture initiation
pressure is the lowest in Test C3. The fracture initiation pressure increases with the major
principal stress. But the ratio between the net pressure, ∆pini = pini − σmin, over the mean
far field stress do not vary much. This perhaps should be expected since the orientation of
the slot with respect to the minor principal stress is the same in all these cases. From the
perspective of the boundary conditions, Tests C1 and C5 as well as Tests C2 and C4 are







Figure 100: Magnified view of morphology of the fluid-grain interface with a center slot
inclined at 45◦ under different stress anisotropy: C1, σxx = 1.5 MPa, σyy = 1 MPa; C2,
σxx = 1.25 MPa, σyy = 1 MPa; C3, σxx = 1 MPa, σyy = 1 MPa; C4, σxx = 1 MPa, σyy =
1.25 MPa; C5, σxx = 1 MPa, σyy = 1.5 MPa.
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7.4 A Rectangular Sample with a Side Slot
To further investigate fracture initiation and propagation in a larger domain with randomly
generated assembly, a rectangular domain with a side slot is subjected to horizontal and
vertical confining stresses as shown in Fig. 101. The assembly has about 28,600 particles
with radii ranging from 0.5 mm to 0.7 mm. The width and the height of the assembly are
W = H = 200 mm. The side slot has a width w = 20 mm (W/w = 10) and a height of
h = 6 mm (h/r̄ = 10). Four groups of tests are performed at a constant injection rate
Q = 0.1 m2/s with various confining stress. Each group includes 5 statistical realizations of
the random packing with all the parameters being the same. The fracture is initiated from
a preexisting slot at the left side of the assembly. Four sets of confining stress are chosen:
D1: σxx = 1.5 MPa, σyy = 1 MPa; D2: σxx = 1 MPa, σyy = 1 MPa; D3: σxx = 1 MPa,
σyy = 1.5 MPa; D4: σxx = 3 MPa, σyy = 3 MPa.
W
Hh
Figure 101: Schematic of biaxial setup with a side slot.
Fig. 102 shows the displacement patterns of the four test series. On each graph, final
displacement patterns of the five tests with the same set of parameters are stacked on top of
each other. Fig. 102 illustrates differences of the failure patterns as a result of both stress
contrast and the magnitude of mean stress. Considering spatial variation of the fracture
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path, it is obvious that the fracture path for the isotropic stress condition (D3 and D4) is
more tortuous as opposed to a more straight pattern for the anisotropic stress condition
(D1 and D2).
7.4.1 Fracture Depth
To measure the differences in the fracture paths quantitatively, we defined two parameters
to characterize the spatial variation and tortuosity of the fracture trajectory. The first
parameter is called fracture depth Y , which is expressed as
Y = y − Ȳ (130)
where y is the distance from a point on the fracture mid-line (black line) to the horizontal
axis; Ȳ is the averaged value of y, which is denoted by a red line, as shown in Fig. 103.
The probability density of the fracture depth is calculated. The fracture depth is sampled
at an interval of lateral distance ∆x along the mid-line. The values of the fracture depth
are then partitioned into bins, and the count in each bin can be plotted as histograms.
(a)
(b)
Figure 103: Schematic of the fracture depth.
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(a) D1 (b) D2
(c) D3 (d) D4
Figure 102: Overlay displacement patterns of four test series with a side slot under different
confining stresses: D1: σxx = 1.5 MPa, σyy = 1 MPa; D2: σxx = 1 MPa, σyy = 1.5 MPa;
D3: σxx = 1 MPa, σyy = 1 MPa; D4: σxx = 3 MPa, σyy = 3 MPa. Each series include five
statistical realizations.
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Figs. 104-106 show the histograms of the tests at various confining stresses (Note this
analysis is not meaningful for Test D2 since the fracture path has turned to become perpen-
dicular to the initial slot orientation). Each graph contains plots of five colors, representing
the histograms for the five tests. The peaks represent the most common values. Since the
fracture depth is taken with respect to the average depth, the peaks are all located around
zero. The spread of the histogram indicates how much the fracture trajectory deviates from
the center line of the initial slot. In test D1, the variation of the fracture depth is limited to
a narrow range of about 10 mm, while that ranges for tests D3 and D4 are relatively larger,
but similar, since now there is no stress anisotropy. The variation of the fracture depth for
D3 is about 35 mm while that number for D4 is about 30 mm.
Figure 104: Histograms of the fracture depth for test series D1.
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Figure 105: Histograms of the fracture depth for test series D3.
Figure 106: Histograms of the fracture depth for test series D4.
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7.4.2 Fracture Sinuosity
Even though the histogram clearly indicates the range of global variation, it is not able to
reflect the tortuosity of the fracture path, in other words, the local variation. A parameter
defined as the fracture path sinuosity is used to measure the tortuosity. The sinuosity is
expressed as the ratio of the actual length of the fracture path, denoted by S, and the





Fig. 107 shows two examples of the sinuosity calculation. We can clearly see the path is





Figure 107: Illustration of fracture sinuosity.
In Fig. 107 the actual fracture path passes through the shortest path multiple times
since the path follows an oscillating zig-zag pattern. We assume that every time when
the fracture changes its direction, the intersection angle is a constant ω. Next, we aim to
relate the sinuosity with the intersection angle. Considering two fracture paths ABCD and
AB′C ′D in Fig. 108, the total length of the two paths are exactly the same as long as the
intersection angle is a constant. In other words, the length of the actual fracture path is not
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affected by where the fracture changes direction but solely attributed to the intersection


















Figure 108: Schematic of fracture intersection angle.
To analyze the sinuosity for each group of tests, the range of sinuosity (vertical bars)
as well as the mean values (circles) are plotted in Fig. 109. Overall, the sinuosity varies
within the range of 1 to 1.25. It is able to differentiate the tortuosity of the fracture paths
in different tests. Again, the result from Test D2 is not very meaningful since the fracture
path has turned. It is still presented just for reference. Test group D3 exhibits the highest
sinuosity with the average of 1.13, slightly greater than that of test group D4 which is 1.12.
Both D3 and D4 are under isotropic stress field, therefore the difference in sinuosity is solely
attributed to the degree of confinement. It is observed that the failure patterns under a
greater confining stress is more linear.
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Figure 109: Variation of the fracture sinuosity for test series D1, D2, D3 and D4.

























Figure 110: Variation of the fracture intersection angle for test series D1, D2, D3 and D4.
The values for the sinuosity can be translated to intersection angles based on Eq. 132,
as shown in Fig. 110. The intersection angles vary within the range of 110◦ − 165◦. The
mean intersection angles for D1, D2, D3 and D4 are 132◦, 149◦, 125◦, and 126◦, respectively.
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By introducing stress anisotropy, the fracture paths in D1 and D2 become more linear and
the zig-zagging is significantly reduced. Under isotropic stress field, the intersection angle
is about 125◦, and the corresponding supplementary angle is 55◦ in both D3 and D4. Given
friction angle φ = 26◦, the new branch turns to a direction of about π/4 +φ/2 with respect
to the old branch, which is an indication that the tip propagates as a result of shear failure.
7.4.3 Evolution of Fracture Width, Length and Displacement Field
In order to track the growth of the fracture in both width and length as a function of time,
a case with the isotropic stress field, σxx = σyy = 1 MPa, and a case with the anisotropic
stress field, σxx = 1.5 MPa, σyy = 1 MPa, are selected for further analysis. In each case,
three pairs of particles are chosen as marker balls based on the final failure pattern so that
each pair of particles are located on the opposite sides of the fracture. Then the numerical
test is repeated, and the relative distance between the two particles is monitored as the
fracture width. Here the fracture length is defined as the horizontal distance from the
center to the outer tip, which is denoted by Ltip as indicated in Fig. 111.
7.4.3.1 Case I: σxx = σyy = 1 MPa
Fig. 111 indicates the morphology of the fluid-grain interface for case I and the final
locations of the marker balls. Since the stress field is isotropic, the fracture is initiated at
the upper corner of the slot due to the stress concentration. The fracture path turns after
initiation, but then continues to grow in about the same direction. The sinuosity and the







Figure 111: Morphology of the fluid-grain interface for case I withσxx = σyy = 1 MPa,
showing only part of the domain. The balls in color represent the three pairs of markers.
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Figure 112: Pressure history for case I withσxx = σyy = 1 MPa.
Fig. 112 shows the injection pressure history for case I withQ = 0.1 m2/s and δc/r̄ = 0.1.
After an initial spike, associated with the sudden application of the velocity at the slot, the
pressure significantly drops as the main fracture is initiated and starts to propagate. The
pressure then declines with many small drops due to the continued growth and propagation
of the fracture. Since in this test the far field boundaries are subjected to a constant
hydrostatic mechanical stress, the fluid pressure is expected to re-establish a state of static
equilibrium. As a result, at the end of the injection the fluid pressure tends to level off at
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about 1.05 MPa, which equals to the far field stress.
The evolution of the fracture widths is shown in Fig. 113. Overall, the earlier segments
are wider than the later segments. Before the fracture tip arrives a certain pair of markers,
the contact in compression with a small overlap, indicated by a negative width in Fig. 113.
When fracture tip arrives that pair of markers, it is reflected in Fig. 113 as a sudden jump in
the fracture width. It is also noted that the oscillation of fracture width coincides with the
pressure change. Once a new segment is opened, the pressure in the old segments declines,
causing a reverse movement of the particles near the fluid-grain interface.
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Figure 113: Evolution of the fracture width for case I withσxx = σyy = 1 MPa.
The history of fracture length is plotted in Fig. 114. In case I, the fracture length is
increased steadily in a staircase like fashion with small steps. The rate of increase gradually
slows down as the fracture extends and the tip becomes closer to the boundary.
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Figure 114: Evolution of the fracture length for case I withσxx = σyy = 1 MPa.
Fig. 115 shows the displacement fields at four different times. The color in the disks
indicates magnitude of the displacement from large (red) to small (grey). As can be seen,
the development of fracture starts with two localized process zones at the fracture tip in
Fig. 115 (a). The process zones is manifested as two lobes that are inclined with respect to
the fracture plane, which is in agreement with elasto-plasticity theory. Once a new segment
of fracture is opened, injection pressure drops, the propagation is arrested. Instead, the
injection pressure steadily increases followed by continued expansion of the fracture. Fig.
115 (b) shows that the earlier segments have the greatest deformation as opposed to the later
segments, which is also confirmed by the history of fracture width in Fig. 113. In Fig. 115
(c), new process zone starts to form at the tip, leading to the propagation of new segments.
The propagation process can be described as alternation of two stages: propagation of a
new segment followed by a decrease in injection pressure and fracture width; steady increase




Figure 115: Evolution of the displacement field for case I withσxx = σyy = 1 MPa. Color
indicates of the amount of displacement for each particle during ∆t = 1 ms. Maximum




Figure 116: Particle rotational velocity for case I with σxx = σyy = 1 MPa, value of the
color map indicates magnitude of rotational velocity in rad/s.
Fig. 116 plots contours of the particle rotational velocity for the four time stages.
The magnitude of the color map represents the rotational velocity in rad/s. The shear
deformaiton is localized near the tip as well as along the side of the fracture, which indicates
the alternating propagation process: extension in the fracture length and expansion in the
fracture width.
7.4.3.2 Case II: σxx = 1.5 MPa, σyy = 1 MPa
Fig. 117 indicates the final locations of the marker balls for case II with σxx = 1.5 MPa
and σyy = 1 MPa. Since the stress field is anisotropic, the fracture path is more or less
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aligned with the major principal direction soon after initiation. The zig-zagging pattern is
very obvious. The sinuosity and the intersection angle of the fracture path in case II are
sinuosity = 1.128 and ω = 117.53◦, respectively.
Figure 117: Morphology of the fluid-grain interface with σxx = 1.5 MPa, σyy = 1 MPa,
showing only part of the domain. The balls in color represent the three pairs of markers.
Fig. 118 shows the injection pressure history for the second representative case at
Q = 0.1 m2/s and δc/r̄ = 0.1. The peak stress is about 1.8 MPa as opposed to 1.3 MPa in
case I, due to the increase in the far field confining stress. After the initial spike, the injection
pressure gradually declines with oscillation and finally approaches 1.1 MPa. Though the
decline process is longer in case II, the eventual fracture propagation pressure is similar to
that in the first case.
Figs. 119-122 show the history of fracture width, the history of fracture length, and
displacement field for case II. A significant difference between case I and case II is that
the pressure history for case II is more staircase-like with larger steps. With a greater
magnitude of the confining stress, the width expansion phase in case II is longer. In Fig.
122 (a), two clear shear bands can be observed at the fracture tip. The two shear bands
are inclined with respect to the fracture trajectory, which suggests shear failure mode.
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Figure 118: Pressure history for case II withσxx = 1.5 MPa, σyy = 1 MPa.
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Figure 119: Evolution of the fracture width for case II with σxx = 1.5 MPa, σyy = 1 MPa.
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Figure 121: Evolution of the displacement field for case II with σxx = 1.5 MPa, σyy =
1 MPa. Color indicates of the amount of displacement for each particle during ∆t = 1 ms.





Figure 122: Particle rotational velocity for case II with σxx = 1.5 MPa, σyy = 1 MPa,
value of the color map indicates magnitude of rotational velocity in rad/s.
7.5 Conclusions
Fluid injection into an unconsolidated medium under an isotropic or anisotropic stress field
is modeled numerically using the DEM code PFC2D®. The fluid-grain interface is modeled
with the simplification that fluid leakoff is negligible and the fluid can penetrate in between
grains if the gap size between two neighboring grains exceed a critical value δc, which is
taken as δc/r̄ = 0.1 to simulate the fluid of relatively low viscosity. The numerical analysis
is carried out in three types of two-dimensional DEM domains: a rectangular assembly with
a center hole, a center slot or a side slot.
The numerical results show that initiation of a fracture near a circular borehole is likely
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affected by both the stress anisotropy and the local variation in the contact forces. In the
isotropic case, three fractures initiate and are almost equally spaced along the circumference.
In the anisotropic case, the fracture initiates near the locations of the least compressive
stress.
In the tests with a center or side slot, the fracture initiates at the corners due to stress
concentration. After the fractures initiate, they start to align themselves with the direc-
tion of the major principal stress. The fracture path shows an oscillating zig-zag pattern
which reflects the alternating preference in propagation direction. Boundary of the fractures
formed under greater stress contrast are relatively straight and smooth while those formed
under smaller stress contrast have more side branches and irregularities.
The propagation process can be described as the alternation of the two stages: propaga-
tion of a new segment followed by a decrease in the injection pressure and the fracture width;
and steady increase in injection pressure and gradual expanding of the width. Overall, the
older segments are wider than the younger segments.
Evidence from the displacement field of particles suggest a process zone exists near the
fracture tip. The process zone is manifested as two lobes that are inclined with respect to
the fracture plane, which suggests a shear failure mode.
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CHAPTER VIII
CONCLUSIONS AND FUTURE WORK
8.1 Conclusions
The objective of this work is to investigate the near-wellbore processes to address the chal-
lenges in drilling and completion in naturally fractured or weakly consolidated formations.
Both theoretical and numerical analyses are performed in this work.
 Theoretical analysis of the transient drilling mud loss behaviors from a wellbore into a
natural fracture is performed. The formulations are based on a radial geometry model
and a constant height model, assuming the wellbore axis is either nearly perpendicular
or parallel to the natural fracture. A piecewise rheological model incorporating a yield
stress and power laws for both the low shear rate and high shear rate is employed.
The fracture could be initially closed or has a small opening. The problem formulated
is solved numerically using an explicit moving mesh algorithm. Effects of the fluid
rheology, in particular, the high shear rate rheology, and the leakoff coefficient on the
drilling mud loss behaviors are investigated. The results suggest that the high shear
rate rheology is critical to control lost circulation since it takes effect at early time.
The overbalance pressure and the yield stress of the fluid determines the ultimate
invasion length and volume of the drilling mud at late time. The leakoff coefficient
has negligible effect on the ultimate invasion length. But the ultimate mud invasion
length is reached earlier, if the leakoff coefficient is smaller. Numerical scheme outlined
in this work provides a robust tool that allows not only systematic investigation of
the effects of the formation and the fluid characteristics on the drilling mud loss, but
also assessment for the improvement in the fluid design to control lost circulation.
 A theoretical solution is derived to study the worst case scenario of mud invasion
into an arbitrarily oriented isolated fracture from an inclined wellbore. The fracture
is assumed to has a constant width, bounded by rigid walls. The ultimate invasion
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profile when the mud eventually stops flowing is solved based on limit equilibrium
conditions. Effects of the fluid yield stress, the overbalance pressure, the fracture
inclination angle and the wellbore trace on the fracture upon the mud loss behaviors
are analyzed. Excellent agreement is achieved between our analytical solution and
published experimental data in back calculating the fluid yield stress based on the
ultimate invasion radius. The theoretical model can be used to give the lower bound
of the fracture permeability based on the mud loss data from the field.
 Fluid injection into an unconsolidated or weakly consolidated medium is modeled
numerically using the DEM code PFC2D®. The injection process is modeled with
the simplification that fluid leakoff is negligible and the fluid can penetrate in between
grains if the gap size between two neighboring grains exceeds a critical value δc. Such
a simplification can be made analogous to considering the effect of surface tension or
viscosity. The numerical results suggest that the critical gap size plays an important
role in determining the failure mechanism. If the critical gap size δc is relatively small,
the fluid-grain displacement process has three stages: borehole expansion, initiation
of localized features and extension of finger-like features; given a large δc, borehole
expansion is dominant and the localized features are notch-like. Evidences from the
trajectories of localized features as well as particle rotational velocity suggest both
opening and shear modes of initiation and growth mechanisms are plausible. What
this means is that from the point of view of theoretical modeling at the continuum
scale, a growth criterion needs to be able to capture both the opening and shear
growth mechanisms. The confining stress, the initial borehole size, the injection rate,
the particle friction angle of the particles and the cohesion of the particles also affect
the growth modes. Wide and tortuous fingers are obtained at high confining stresses.
At low confining stress, relatively thin and straight fingers are obtained with a small
δc, and notch-like localized features are observed at large δc. With an increasing
injection rate, the fractures tend to align radially and the number of the main fractures
increases. At a small injection rate, the fingers grow in an alternating manner, only
one fracture is propagating at a given time; at a large injection rate, multiple small
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fingers are initiated but only a number of them are able to extend outward. Shear
bands are easier to develop in formations with a lower friction angle. With a higher
friction angle, the resistance to the sliding is greater, the medium tends to fail in an
opening mode. With a relatively large cohesion, shear failure is less favored and the
medium tends to fail in tension.
 Numerical results on the breakdown of the cavity are then compared with those from
the bifurcation analysis for the cohesionless case as well as elasto-plasticity solutions
for the cohesive case. For cohesionless formations, the breakdown pressure for the
case with δc/r̄ = 0.5 agrees with the cavity pressure corresponding to the onset of
bifurcation. For the cohesive formations, the breakdown pressure for the case with
δc/r̄ = 0.5 falls within the range of tensile failure solution and the elastic-perfectly
plastic solution. It is also noted that as δc increases, the breakdown pressure gradually
approaches the elastic-perfectly plastic solution. Parametric study is performed to
analyze the effects of the critical gap size, the borehole size, and the confining stress
upon the ratio of breakdown pressure ∆Pmax and confining stress σo. Overall, a
greater δc, a smaller initial borehole and a lower confining stress lead to a greater
ratio ∆Pmax/σo.
 Stress anisotropy not only governs the location of initiation but also guides the di-
rection of propagation. The injection test in a rectangular domain with a center hole
suggests that the initiation of fracture is likely affected by both the stress anisotropy
and the local variation of the contact forces. For the isotropic case, three fractures
are initiated and almost equally spaced, while in the anisotropic case, the fracture
initiates near the locations of minimum compressive stress. After the fractures ini-
tiate, they start to align themselves with the direction of the major principal stress.
The fractures in the cohesionless medium, in particular, those formed under a smaller
stress contrast, are very irregular. Evidences from the displacement field of particles
suggest a process zone exists near the fracture tip. The process zone is manifested as
two lobes that are inclined at an angle with respect to the fracture plane, an indication
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of shear failure. The shear deformation is localized near the tip as well as along the
side of the fracture, which indicates the alternating propagation process: extension in
the fracture length and expansion in the fracture width.
The theoretical models developed for predicting the mud loss can be applied directly in the
field practices not only for drilling, but also for grouting in jointed rock mass. The DEM
analysis of the injection process allowed us to gain valuable insights into the fluid-grain
displacement process in nearly unconsolidated media and could serve as guides for future
development of fracture growth criteria at the continuum scale.
8.2 Recommendations for Future Work
Based on the results from this work, we suggest the following future work.
 Compare the theoretical prediction on the maximum mud loss volume for an arbitrary
oriented fracture with experiments and generalize the model for grouting in jointed
rock mass when the fracture has a large aperture and a high inclination angle.
 Development of yield stress measurement through squeeze flow in between two parallel
plates for grouts.
 Extend the breakdown pressure analysis for the fluid injection problem and compare
the theoretical solutions with those from the injection experiments in the literature.




LIST OF INJECTION TESTS INTO A HOLLOW CYLINDER





◦) F̄n, F̄s (N)
0.1 0.5 20 0.1 30 0.1 0.5 20 0.1 30 0
0.3 0.5 20 0.1 30 0.3 0.5 20 0.1 30 0
0.5 0.5 20 0.1 30 0.5 0.5 20 0.1 30 0
0.1 1 20 0.1 30 0.1 1 20 0.1 30 0
0.3 1 20 0.1 30 0.3 1 20 0.1 30 0
0.5 1 20 0.1 30 0.5 1 20 0.1 30 0
0.1 5 20 0.1 30 0.1 5 20 0.1 30 0
0.3 5 20 0.1 30 0.3 5 20 0.1 30 0
0.5 5 20 0.1 30 0.5 5 20 0.1 30 0
0.3 0.5 10 0.1 30 0.3 0.5 10 0.1 30 0
0.3 1 10 0.1 30 0.3 1 10 0.1 30 0
0.3 5 10 0.1 30 0.3 5 10 0.1 30 0
0.3 0.5 5 0.1 30 0.3 0.5 5 0.1 30 0
0.3 1 5 0.1 30 0.3 1 5 0.1 30 0
0.3 5 5 0.1 30 0.3 5 5 0.1 30 0
0.1 0.5 5 1 30 0.1 0.5 5 1 30 0
0.1 0.5 5 10 30 0.1 0.5 5 10 30 0
0.1 0.5 5 50 30 0.1 0.5 5 50 30 0
0.1 1 5 1 30 0.1 1 5 1 30 0
0.1 1 5 10 30 0.1 1 5 10 30 0
0.1 1 5 50 30 0.1 1 5 50 30 0
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◦) F̄n, F̄s (N)
0.1 5 5 1 30 0.1 5 5 1 30 0
0.1 5 5 10 30 0.1 5 5 10 30 0
0.1 5 5 50 30 0.1 5 5 50 30 0
0.1 1 20 0.1 15 0.1 1 20 0.1 15 0
0.3 1 20 0.1 15 0.3 1 20 0.1 15 0
0.5 1 20 0.1 15 0.5 1 20 0.1 15 0
0.1 1 20 0.1 45 0.1 1 20 0.1 45 0
0.3 1 20 0.1 45 0.3 1 20 0.1 45 0
0.5 1 20 0.1 45 0.5 1 20 0.1 45 0
0.1 1 10 0.1 30 c100 0.1 1 10 0.1 30 100
0.3 1 10 0.1 30 c100 0.3 1 10 0.1 30 100
0.5 1 10 0.1 30 c100 0.5 1 10 0.1 30 100
0.1 1 10 0.1 30 c500 0.1 1 10 0.1 30 500
0.3 1 10 0.1 30 c500 0.3 1 10 0.1 30 500
0.5 1 10 0.1 30 c500 0.5 1 10 0.1 30 500
0.1 1 10 0.1 30 c1000 0.1 1 10 0.1 30 1000
0.3 1 10 0.1 30 c1000 0.3 1 10 0.1 30 1000
0.5 1 10 0.1 30 c1000 0.5 1 10 0.1 30 1000
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